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Group measure space decomposition of IIi factors 

and W*-superrigidity 



BY SORIN POP^ElMIl AND StEFAAN VAs d^^f^^" 



Abstract 

We prove a "unique crossed product decomposition" result for group measure space IIi factors 
L°°{X) XI r arising from arbitrary free ergodic probability measure preserving (p.m. p.) actions 
of groups r in a fairly large family Q, which contains all free products of a Kazhdan group and a 
■ non-trivial group, as well as certain amalgamated free products over an amenable subgroup. We 

I deduce that if T„ denotes the group of upper triangular matrices in PSL(n, Z), then any free, 

mixing p.m. p. action of F = PSL(n, Z) PSL(n, Z) is W*-superrigid, i.e. any isomorphism 
between L°°{X) x: F and an arbitrary group measure space factor L°°{Y) xi A, comes from a 
conjugacy of the actions. We also prove that for many groups F in the family Q, the Bernoulli 
actions of F are W*-superrigid. 



<N . 

1 Introduction 

'< 

■ Rigidity results have by now appeared in many areas of mathematics, and in several forms. The 
r~| ! most frequently encountered is when two mathematical objects with rich structure that are known to 

I be equivalent in some "weak sense" , which ignores part of the structure, are shown to be isomorphic 

as objects with the full structure. In the best of cases, such a result will also show that morphisms 
which are equivalences in the weak sense are equivalent to isomorphisms in the stronger category, 
^ thus leading to complete classification results and calculation of invariants. 

, Von Neumann algebras (also called W*-algebras) provide a most natural framework for rigidity. In 

\^ I fact, such phenomena are at the very core of this subject, relating it at the outset with group theory 

■ and ergodic theory. This is due to the Murray and von Neumann classical group measure space 
. construction, which associates to a free ergodic measure preserving action T r\ X, of a countable 

^ I group r on a probability space {X,fi), a von Neumann algebra (called IIi factor) L°°{X) xi F, 

• through a crossed product type construction }MvN36j . The study of these objects in terms of their 

. "initial data" T r\ X has been a central theme of the subject since the early 1940s. It soon led 

to a new area in ergodic theory, studying group actions up to orbit equivalence (OE), i.e. up to 
isomorphism of probability spaces carrying the orbits of actions onto each other, since an OE of 
actions T r\ X , A r\ Y has been shown in [Si55j to be "the same as" an algebra isomorphism 
; L°°(X) X3 r ~ L°°{Y) X A taking the group measure space Cartan subalgebras L°°{X), L°°{Y) onto 

each other. 

Thus, W* -equivalence (or von Neumann equivalence) of group actions, requiring isomorphism of 
their group measure space algebras, is weaker than OE. Since there are examples of non-OE actions 
whose group measure space factors are isomorphic |CJ82[[QP08] . it is in general strictly weaker. In 
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turn, it has been known since [MvN43t Dy59| that OE is much weaker than classical conjugacy (or 



isomorphism), which for free actions T r\ X , A nv Y requires isomorphism of probability spaces 
A : (X, fi) ~ (Y, u) satisfying AFA^^ = A (so in particular F ~ A). Rigidity in this context occurs 
whenever one can establish that W*- or OE-equivalence of certain group actions T r\ X, K r\Y ^ 
forces the groups, or the actions, to share some common properties. The ideal such result, labeled 
W*- (respectively 0E-) superrigidity, recovers the isomorphism class ofT r\ X, from its W*-class 
(resp. OE-class). 

W*- and OE-rigidity can only occur for non-amenable groups, since by classical results of Connes 
|(]o76j . all III factors L°°(X) x T with T amenable are mutually isomorphic and by |( )W8n[ ICFW8T] 
they are undistinguishable under OE as well. But the non-amenable case is extremely complex and 
although signs of rigidity where detected early on |MvN43[ Dy63 , IMcDu70l ICo75] , for many years 



progress has been slow, despite several breakthrough discoveries in the 1980s |Co80al IZi801 ICJSSj 
ICH89] . This changed dramatically over the last decade, with the advent of a variety of striking 
rigidity results, in both group measure space IIi factors and OE ergodic theory: [Fu99a', 'Fu99bJ 
[UaOOl [UaOn lP50n [M502l M3l [PoUSl iPoOl iPoOSl IHK051 11PP051 iPoOGal FV06. .Pe06. .Ki06l 



rvaOTl [QPnTl imi [Qpnsl ipvnsai [pvnsbl IP vn8c[ icHnsl 1x109] . 

Our purpose in this paper is to investigate the most "extreme" of the W*-rigidity phenomena 
mentioned above, i.e. W* -superrigidity. Thus, we seek to find classes of group actions T r\ X with 
the property that any isomorphism between L°°(X) xi F and any other group measure space factor 
L°°(y) X A, arising from an arbitrary free ergodic p.m. p. action A r\Y, comes from a conjugacy 
of the actions T r\ X , A r\Y . 

Note that W*-superrigidity for an action F r> X is equivalent to the "sum" between its OE- 
superrigidity and the uniqueness, up to unitary conjugacy, of L°°(X) as a group measure space 
Cartan subalgebra in L°°{X) x F. This makes W*-superrigidity results extremely difficult to obtain, 
since each one of these problems is notoriously hard. But while several large families of OE- 
superrigid actions have been discovered over the last ten years |Fu99bl IPoOSl IPoOGal IKi061 IIo081 
IKi09] ■ unique Cartan decomposition proved to be much more challenging to establish, and the 
only existing results cover very particular group actions. Thus, a first such result, obtained by 
Ozawa and the first named author in |OP07| . shows that given any profinite action T r\ X, of a 
product of free groups F = x • • • x F^^., with A;>l,2<nj<cxD, any Cartan subalgebra of 
M = L°°(X) X F (i.e. any maximal abelian subalgebra whose normalizer generates M), is unitary 
conjugate to h°°{X). A similar result, covering a more general class of groups F, was then proved 
in [OP0 8] . More recently, Peterson showed in pe09j that factors arising from profinite actions of 
non-trivial free products F = Fi *F2, with at least one of the Fj not having the Haagerup property, 
have unique group measure space Cartan subalgebra, up to unitary conjugacy. But so far, none of 
these group actions could be shown to be OE-superrigid. Nevertheless, an intricate combination 
of results in |Io081 IOP081 IPe09] were used to prove the existence of virtually W*-superrigid group 
actions T r\ X in |Pe09] . by a Baire category argument (following [Fu99a] . virtual means that the 
ensuing conjugacy ofT r\ X and the target actions A r> y is up to finite index subgroups of F, A). 

In this paper, we establish a very general unique Cartan decomposition result, which allows us to 
obtain a wide range of W*-superrigid group actions. Thus, we first prove the uniqueness, up to 
unitary conjugacy, of the group measure space Cartan subalgebra in the IIi factor given by an 
arbitrary free ergodic p.m. p. action of any group F belonging to a large family Q of amalgamated 
free product groups. By combining this with Kida's OE-superrigidity in [Ki09j . we deduce that 
any free, mixing p.m. p. action of F = PSL(?i, Z) *t„ PSL(n, Z) is W*-superrigid. In combination 
with |Po051 IPoOGaj . we prove that for many groups F in the family Q, the Bernoulli actions of F 
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are W*-superrigid. In combination with Gaboriau's work |GaOOj on cost, we find new groups T for 
which ah group measure space IIi factors L°°(X) xi F have trivial fundamental group. 

1.1 Statements of main results 

More precisely, our family Q contains all non-trivial free products F = Fi * r2 with Fi satisfying 
one of the following rigidity properties: Fi contains a non-amenable subgroup with the relative 
property (T) or Fi contains two non-amenable commuting subgroups. The family Q also contains 
certain amalgamated free products Fi *x; F2 over amenable subgroups S, see Definition 15.11 

Our results can be summarized as follows. 

Theorem 1.1 (See Theorem 15. 2p . Let T be a group in the family Q and F r\ {X,fi) an arbitrary 
free ergodic p.m. p. action. Denote M = L°°(X) xi F. Whenever A r\ (Y,r]) is a free ergodic p.m. p. 
action such that M = L°°{Y) xi A, there exists a unitary u e M such that L°°{Y) = uL°° {X)u* . 

We mention that the most general version of the above theorem (see Theorem l5.2p allows to handle 
amplifications of the group measure space factors M as well. 

Theorem 1.2 (See Theorem 16. 2 1) . Let n > 3 and denote by Tn the subgroup of upper triangular 
matrices in PSL(n, Z). Put F = PSL(n, Z) *t„ PSL(n, Z). Then, every free p.m. p. mixing action of 
F is W* -superrigid. 

Whenever F is an infinite group and (Xq,^q) a non-trivial probability space, denote by F 
(Xo,/xo)^ the Bernoulli action of F with base space {Xo,^q), given by {g ■ x)^ = Xg~if^ for all 
g,h and x G Xq . 

Theorem 1.3 (See Theorem 16. 7|) . The Bernoulli action F r> {Xq,hq)^ of all of the following 
groups is W* -superrigid. 

• F = Fi*x;F2 with the following assumptions: Fi has property (T), S is an infinite, amenable, 
proper normal subgroup 0/F2 and there exist gi, . . . , g^ ^ Fi such that C\i=i 9i^97^ ~ {^}- 

For instance, we can take F = PSL(n, Z) (S x A), where T, < Tn is an infinite subgroup of 
the upper triangular matrices and A is an arbitrary non-trivial group. 

• F = (H X H) *2 F2 where H is a finitely generated non-amenable group with trivial center, E 
is an infinite amenable subgroup of H that we embed diagonally in H x H and T, is a proper 
normal subgroup of F2 . 

We in fact obtain a more general version of this result as Theorem 16.71 which covers generalized 
Bernoulli actions, Gaussian actions and certain co-induced actions (see Examples 16.81 [6TTO]) . 

Our methods also provide the following new examples of IIi factors which cannot be written as 
group measure space factors. 

Theorem 1.4. Let T € Q and assume that F is ICC. Let F r\ {X,fj,) be an arbitrary ergodic p.m. p. 
action and put M = L°°(X) x F. Then, M is a IIi factor. If, for some t > 0, the IIi factor M* 
admits a group measure space decomposition, then the action F r\ (X, /z) must be free. Thus, L(F) 
and all the factors of the form L°°(X) x F corresponding to non-free actions T r\ X , do not admit 
a group measure space decomposition. 
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1.2 Rigidity of bimodules 



Another typical rigidity paradigm encountered in mathematics is when certain invariants of math- 
ematical objects which are supposed to take values in a certain range, are shown to take values in a 
much smaller subset. Group measure space IIi factors provide a natural framework for this type of 
rigidity as well, due to Murray and von Neumann's continuous dimension and a related invariant 
for III factors M: the fundamental group J-{M). This is defined as the set of ratios T[p)/T{q) G 1R+, 
over all projections p,q € M with pMp ~ qMq, where r denotes the (unique) normalized trace 
(=dimension function) on M. Equivalently, J'{M) = > | M* ~ M}. Thus, since the range of 
the dimension function is all [0, 1], the group J^{M) seems to always be equal to M+. Supporting 
evidence comes from the case M = L°°(X) x F with T amenable, when this is indeed the case (cf. 
[MvN43j ). So it came as a striking surprise when Connes showed that all factors L°°(X) x V with 
r an ICC Kazhdan group and T r\ X ergodic, have countable fundamental group ( |Co80a] ). 

The important progress in W*-rigidity in recent years, led to the first actual computations of 
fundamental groups J^(M) of group measure space factors M = \j°°{X) xi F: from the first such ex- 
amples in |Po01) . where J-{M) = 1, to examples of factors M with J-{M) any prescribed countable 
subgroup of M+ jPo03] (see also [IPP05 . ' Ho07) ). and most recently examples with J-{M) uncount- 
able, yet different from M+ [ PV08a. PVOSc] , We mention in this respect that all Bernoulli actions 
F r\ {X,fi) appearing in Theorem 11.31 give rise to IIi factors L°°(X) xi F with trivial fundamental 
group (see Remark l6.6p . In the same spirit, Corollarv 15.31 provides new examples of groups F such 
that L°°(X) XI F has trivial fundamental group for all free ergodic p.m. p. actions F r\ (X, /i). 

Another occurrence of the same type of rigidity paradigm is related to Jones' index for subfactors, 
a numerical invariant for inclusions of IIi factors N C M which, like the fundamental group, is 
defined with the help of the Murray-von Neumann continuous dimension. A priori, the range of 
the index could well be all M_|_, but in his seminal work j Jo83] . Jones proved that it is subject to 
very surprising restrictions. 

A unique feature of the IIi factor framework is that it allows a unifying approach to the two types of 
rigidity phenomena (W*-rigidity and restrictions on invariants), by considering finite index bimod- 
ules between factors (as a generalization of isomorphism between factors and their amplifications). 
Thus, by explicitly calculating all bimodules between factors in a certain class, one also obtains the 
fundamental group of the corresponding factors, as well as all possible indices of its subfactors. 

In the last section [71 we combine a generalization of Theorem 11.11 with the cocycle superrigidity 
theorems of |Po051[P"o06a| and techniques from [Va07j . to give examples of group actions F r\ {X, n) 
such that the mere existence of a finite index bimodule between L°°(X) xi F and L°°{Y) x A for an 
arbitrary free ergodic p.m. p. action A r\ (Y, r]), implies that the groups F, A are virtually isomorphic 
and their actions T r\ X , A r\ Y are virtually conjugate in a very precise sense (see Theorem 17.11 
and Example 17. 2p . In particular, the fundamental group of any of these IIi factors L°°{X) x F is 
trivial and the index of all their subfactors is an integer. 

1.3 Comments on the proofs 

As we mentioned before, the main difficulty in obtaining W*-superrigidity lies in proving the 
uniqueness of the group measure space Cartan decomposition. Indeed, because once such a re- 
sult is established, W* -superrigidity can be derived from existing OE-superrigidity results. In our 
case, 11.21 and 11.31 will follow from our uniqueness of the group measure space Cartan subalgebra 
in Theorem 11.11 and the OE superrigidity theorems in |Po051 iPoOGal [Ki09 j. By using intertwining 
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subalgebras techniques ( [PoOlt lPo03j ). in order to prove the uniqueness, up to unitary conjugacy, 
of the Cartan subalgebra A = L°°(X) of a group measure space factor M = ^ xi F, it is suffi- 
cient to prove that given any other group measure space decomposition M = B A, B = L°°{Y), 
there exists a i?-j4-bimodule C L^(M), which is finitely generated over A, a property that we 
denote by B -<m A. To get such bimodules, we use the deformation-rigidity theory introduced in 
|PoOH IPo031 IPo04| (see |Po06b] for a survey) , and in fact the whole array of subsequent develop- 
ments in |1PP051 IPV061 IPo06al IVaOTi iHoOTl ICH08| . etc. But in order to "locate" the position of 
the target Cartan subalgebra B, with respect to the initial (source) Cartan subalgebra A, through 
these techniques, one needs some amount of rigidity for one of the group actions and a deformation 
property for the other (like for example in 6.2 of jPonT] . 7.1 of [Po04], 7.7 of |IPP05j, 1.5 of fPo06a], 
etc). 

Since in W*-superrigidity statements all assumptions must be on the side of the source Cartan 
subalgebra A = L°°(X), it is thus crucial to show that either the deformation or the rigidity 
properties of T r\ X automatically transfer to A r\ Y. It is precisely the lack of satisfactory 
"transfer" results that so far prevented from obtaining W*-superrigidity results. We solve this 
problem here by proving in Section 2 some very general "transfer of rigidity", from the source 
to the target side. While the proofs of these results are quite subtle, let us give here a heuristic 
explanation. 

Assume that AyiT = M = B><iA and denote by {ug)g^r, resp. {vs)seA, the canonical unitaries in 
j4 XI r, resp. S xi A. Every element x G M, has a Fourier expansion x = X^ggr ^g'^g with Xg (z A 
and we call the Xg the Fourier coefficients of x w.r.t. {ug}. We similarly define Fourier coefficients 
w.r.t. {vs}- We assume that Fi < F is a non-amenable subgroup with the relative property (T) and 
try to transfer this rigidity property to some rigidity for A. More precisely, we show that for any 
deformation <j)n of M (i.e. a sequence of c.p. maps on M tending pointwise in the Hilbert norm to 
'kIm), there exist a large n and an infinite subset {sk}k C A, such that 4)n{vsf,) ~ Vg,,-, V/c, and such 
that every Fourier coefficient of Vg,, w.r.t. {ug} tends to zero in || • ||2 as A; — )• oo. We construct 
as follows the set {sk}k- The functions V'n(s) = 'T{4'n{vs)v*s) are positive definite and hence, define 
the c.p. maps by ^ni^s^sVs) = Yls^n{s)bsVs- Since idjv/) the relative property (T) of 

Fi < F ensures that ^niug) ~ % uniformly in g( E Fi. This forces ipn{s) ~ 1 for many of the s € A 
in the support of the Fourier expansion of Ug,g € Fi w.r.t. {vs}- Among the s G A with ipn{s) ~ 1, 
we can find a sequence s^ such that the Fourier coefficients of Vsf. tend to zero as A; — )• oo, because 
otherwise, it will follow that the Ug^g € Fi can roughly be intertwined into A, contradicting the 
non-amenability of Fi. 

As it turns out, if we assume that Fi is freely complemented in F, i.e. F = Fi * F2, then the 
"tiny" initial information about the group A provided by the transfer of rigidity, is enough to prove 
that B ~<M A. To see this, we first notice that if we apply the above transfer result to the word 
length deformation mp(^^agWg) = "^g p^^^cigUg, as p ^ 1, then, for p close enough to 1, we have 
mp{vsi^) ~ Vsi^ uniformly in k. This implies that in the Fourier decomposition with respect to {%}, 
all Vg^. are almost supported by words (7 E F = Fi * F2 of length uniformly bounded by some K. 
On the other hand, since the Fourier coefficients of Vs^. w.r.t. {ug} tend to in || • II2, the support 
of the Fourier expansion of the Vg^. lies, as A: — >■ 00, essentially outside any given finite subset of 
F. If, by contradiction B A, results from |Po03l IIPP05j provide a unitary w B such that 
the Fourier expansion of w is essentially supported by a set of words G F of length much larger 
than K {\g\ > 2K will do). As we will explain now, this implies that Vs,.wv*^w* and w*Vsf.wvl^ are 
almost orthogonal, contradicting the abelianess of B. 

Indeed, first assume for simplicity that all Vg,. lie in the span of Aug, \g\ < K, with the support of 
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the Fourier expansion of Vs^. w.r.t. {ug} tending to infinity in F. Similarly, assume that w exactly 
lies in the span of Aug, \g\ > 2K. Then, one concludes that all 5 G F in the support of w*Vs^wv*^ 
eventually have their first K letters in a fixed finite set independent of k, while all (7 G F in the 
support of Vs^wv*^w* , have their first K letters eventually (as k — > cxd) outside any fixed finite set. 
In reality, we can only approximate in || • II2 and uniformly in k, the unitaries Vg,, by elements v'^^ 
with such good properties. We similarly approximate w by w' . But since our reasoning involves 
products of 4 elements, the Hilbert norm estimates cannot be handled unless one can control the 
uniform norms oi w — w', Vg^. — v'g^. We handle this problem through repeated "trimming" of 
elements, via Herz-Schur multiplier techniques. 

2 Preliminaries 

If F nv (A, r) is a trace preserving action of a countable group F, we denote by A xi F the crossed 
product von Neumann algebra, which is the unique tracial von Neumann algebra generated by A 
and the group of unitaries {ug)gi=r satisfying 

UgOU* = (Jg{a) for all g ,a ^ A and T{aug) = i ^ ' ' 

[0 iffir/e. 

When F nv {X,iJ,) is a free ergodic p.m. p. action, the crossed product L°°{X) x F is called the 
group measure space IIi factor associated with F {X,fi). Then, L°°(X) is a Cartan subalgebra 
of L°°{X) X F, called a group measure space Cartan subalgebra. 

We denote by L(F) the group von Neumann algebra of a countable group F. 

Recall that two free ergodic p.m. p. actions F r\ {X, n) and A r\ (Y, r]) are called 

• conjugate, if there exists an isomorphism A : X ^ y of probability spaces and an isomorphism 
(5 : F — 7> A of groups such that A{g ■ x) = 6{g) ■ A(x) almost everywhere, 

• orbit equivalent, if there exists an isomorphism A : X ^ Y oi probability spaces such that 
A(F ■ x) = A ■ A{x) for almost all x (z X, 

• W* -equivalent (or von Neumann equivalent), if L°°{X) x F = L°°(Y) x A. 

If two actions are conjugate, they are obviously orbit equivalent. On the other hand, two actions 
are orbit equivalent if and only if there exists an isomorphism L°°{X) x F = h°°{Y) x A sending 
L°°{X) onto L~(y), see [Si55l IFM77j . 

2.1 Bimodules and weak containment 

Let M, N be tracial von Neumann algebras. An M-N-bimodule mT~Ln is a Hilbert space % equipped 
with a normal representation vr of M and a normal anti-representation vr' of N such that 7r(M) and 
7r'{N) commute. 

Given the bimodules m^tv and at/Cp, one can define the Cannes tensor product 1-L®n ^ which is 
an M-P-bimodule, see |Co941 V. Appendix B]. 

An M-A^-bimodule can be seen as well as a representation of the C*-algebra M ®binor -^"'^ • If A/^V 
and m'H'^n are M-A^-bimodules, we say that is weakly contained in T-L^ if the corresponding 
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representations 7r^,7r^ of M (8)binor satisfy Kervr^ D Kervr^. Weak containment behaves well 
with respect to the Connes tensor product: if a/?^ V is weakly contained in mT^^n^ then /C ®m 
is weakly contained in /C^m^^ for every P-M-bimodule K, (see e.g. [An951 Lemma 1.7]). A similar 
statement holds for tensor products on the right. 

We call AfL^(M)Af the trivial M-M-bimodule and define the coarse M-M-bimodule as the Hilbert 
space L^(M) (g) L^(M) equipped with the bimodule structure a ■ ^ ■ b = {a <S> ^ b). A finite 
von Neumann algebra M is injective if the trivial M-M-bimodule is weakly contained in the coarse 
M-M-bimodule. 

The first type of bimodule that we encounter in this article, is the following. Let T r\ {Q, r) be a 
trace preserving action and put M = Q yi T. Whenever vr : F — > U{IC) is a unitary representation, 
define the Hilbert space 'H'^ = L^(M) ^ /C, with bimodule action given by 

(aug) ■ ^ • (bufi) = {aug (gi ■K{g))S^buh for all a,b £ Q, g, h £ T . 

If the unitary representation tt is weakly contained in the unitary representation p, then is weakly 
contained in If vr = A is the regular representation of T on f{T), then V.^ = L^(M) (g)Q L^(M). 
When Q is injective, qL'^{Q)q is weakly contained in q(L'^{Q) (g) L'^{Q))q and hence, 

L2(M) ®q L2(M) ^ L2(M) 0q L^iQ) L2(M) 

is weakly contained in L^{M)(g)Q {L'^{Q)^L'^{Q))^qL^{M) = L'^{M)(g)L'^{M). So, for Q injective, 
Ti^ is weakly contained in the coarse M-M-bimodule. Finally, if Q is injective and if the unitary 
representation vr is weakly contained in the regular representation, then T-L^ is weakly contained in 
the coarse M-M-bimodule. 

A next type of bimodule arises from Jones' basic construction |Jo83] . Let M be a tracial von 
Neumann algebra with von Neumann subalgebra P. Denote by (M, ep) the von Neumann algebra 
acting on L^(M) generated by M and by the orthogonal projection ep of L^(M) onto L^(P). 
Equivalently, (M, ep) is the commutant of the right P-action on L^(M). Given a tracial state 
r on M, the von Neumann algebra (M, ep) carries a natural normal semi-finite faithful trace Tr 
characterized by 

Tr(aep&) = r(a&) for ah a,b £ M . 

In particular, we can write the Hilbert space L^((M, ep)) and consider it as an M-M-bimodule. 
Then, 

mL\{M, ep))M = m{^\M) 0p l2(M))m • 

Again, if P is injective, it follows that AfL^((M, ep))jv/ is weakly contained in the coarse M-M- 
bimodule. 

2.2 Relative property (T) for an inclusion of finite von Neumann algebras 

We recall from (PoOH Proposition 4.1] the following definition of relative property (T) for an 
inclusion of tracial von Neumann algebras. 

Definition 2.1. Let (M, r) be a tracial von Neumann algebra and let P C M be a von Neumann 
subalgebra. The inclusion P C M is said to have the relative property (T) if the following property 
holds: for every e > 0, there exists a finite subset J (Z M and a (5 > such that whenever m'^m is 
an M-M-bimodule admitting a unit vector ^ with the properties 
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• ■ C ~ C ■ o|| < (5 for all a ^ J ^ 

• \{^,CL • Cl ~ 't{o)\ < ^ and \{^^^ • a) — ''"(a)l < b for all a in the unit ball of M, 

there exists a vector satisfying |[,^ — Coll < £ and a • = Co ■ o for all a £ P. 

Note that if Fq is a subgroup of the countable group F, then the inclusion L(ro) C L(r) has 
relative property (T) if and only if Fq < T has the relative property (T) of Kazhdan-Margulis 
[PoOH Proposition 5.1]. 

A normal completely positive map 99 : M — >■ M is said to be subunital if <f{l) < 1 and subtracial if 
TO if < ip. Let P C M be an inclusion of tracial von Neumann algebras. Relative property (T) then 
has the following equivalent characterization: whenever : M ^ M is a sequence of subunital 
and subtracial normal completely positive maps satisfying Ijx — 93„(x)||2 for all x € M, we have 
that ||x — ipn{x)\\2 — )• uniformly on the unit ball of P. 

2.3 Intertwining by bimodules 

To fix notations, we briefly recall the intertwining-by-bimodules technique from [PoOSj Section 2] 
(see also |Va06[ Appendix C]). 

Let (M, r) be a tracial von Neumann algebra and assume that A,B C M„(C) (8> M are possibly 
non-unital von Neumann subalgebras. Denote their respective units by 1a and 1b- Then, the 
following two conditions are equivalent. 

• lyi(M„(C) L'^{M))1b admits an ^-i?-subbimodule that is finitely generated as a right B- 
module. 

• There is no sequence of unitaries m„ G ^(^) satisfying \\EB{xUny*)\\2 — > for all x,y G 
1b(M„(C)0M)1a. 

If one of these equivalent conditions hold, we write A ~<m B. Otherwise, we write A 7^^/ B. 

When M is a IIi factor and A,BcM are Cartan subalgebras, then A -<m B if and only if there 
exists a unitary u € IA{M) such that A = uBu*, see [PoOH Theorem A.l] (see also |Va06[ Theorem 
C.3]). 

2.4 Cocycle superrigidity 

Let r r\ {X, fj,) be a p.m. p. action. If /3 is a Polish group, an i2-valued 1-cocycle is a measurable 
map w : r X X — 7- /3 satisfying u}{gh, x) = uj{g, h-x)u}{h, x) for all g,h and almost all x G X. We 
say that T r\ (X, /i) is C-cocycle superrigid if every 1-cocycle with values in C is cohomologous to a 
group morphism P — )• £. More precisely, this means that there exists a measurable map ip : X C 
and a group morphism 6 : T ^ C satisfying uj{g, x) = if{g ■ x)6{g)ip{x)^^ for all g £ T and almost 
all X e X. 

We say that P r\ {X,^) is U^^-cocycle superrigid if it is /^-cocycle superrigid for all C in the class 
Z^fin of Polish groups that can be realized as the closed subgroup of the unitary group of a IIi 
factor with separable predual. Note that U^^ contains all countable groups and all compact second 
countable groups. Using the distance given by the || • |[2-norm every group in Z/Zgn admits a separable 
complete bi-invariant metric implementing the topology. 
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3 Two transfer lemmas 



We want to establish W*-superrigidity for certain known group actions F r\ {X,fi). Starting 
from a "mysterious" alternative group measure space decomposition h°°(Y) x A of the given factor 
h°°{X) XI r, we need to transfer certain properties oiT r\ X to properties of the unknown group 
A or of its unknown action A r\ Y. For our purposes, this transfer of properties is achieved in 
Lemmas 13.11 and 13. 2[ 

Lemma 3.1. Let M be a IIi factor with the following deformation property. We are given a 
sequence (pn of subunital, suhtracial, normal, completely positive maps from M to M such that 
\\x — ^n{x)\\2 for all x S M . 

Let P d M he a von Neumann suhalgehra and assume that P is injective. 

Assume that the countable group A acts trace preservingly on the injective von Neumann algebra 
Q and suppose that we have identified Q x A with pMp for some projection p £ AL . We denote by 
{vs)seA the canonical unitaries m Q x A. 

Finally, assume that Mq C M is a von Neumann subalgebra with the relative property (T) and such 
that Mq has no injective direct summand. 

Then, for every e > 0, there exists n and a sequence {sk)k in A such that 

1. W'f n{v sk) - Vskh for all k, 

2. \\Ep{xVs^y)\\2 for all x,y eM. 

Proof. We first argue that we may actually assume that p = 1. Put A'" = pMp and define ijjn '■ N ^ 
N : ipnia) = pipn{a)p. Then, ipn is a sequence of subunital, subtracial, normal, completely positive 
maps and \\a — ipn{ci)\\2 — ^ for all a & N. Let e > 0. Since \\p — ipn{p)\\2 — ^ 0, we can take no such 
that — 9'n(o)||2 < f ||o|| foi' all a G and all n > hq. We now replace M by A^ and by 

^l^n■ Since Mq is diffuse and M is a factor, we may assume that p £ Mq and finally replace Mq by 
pMop C A^. 

So, for the rest of the proof, we assume that p = 1. We have M = Q x A. 

Define the positive-definite functions ^„ : A — > C : (fn{s) ■= T{v*ipn{vs)). Note that ^„ ^ 1 
pointwise. We have to prove the following statement: for every e > 0, there exists n and a sequence 
(sfc)fc in A with the properties 

\^n{sk) - 1| < £ for all k and \\Ep{xVs^y)\\2 for all x,y £ M . (3.1) 

Suppose that this statement is false. Fix e > such that for every n, it is impossible to find a 
sequence (sfc)fc in A with properties (|3.1|) . 

Define for every n, the normal completely positive map : AI M satisfying 6n{bvs) = (pnis)bvs 
for all b £ Q, s £ A. Note that — x\\2 — )• for all x £ M. Since Mq C M has the relative 

property (T), fix n such that \\Oniw) — w\\2 < for ah w £ U{Mq). 

By assumption, it is impossible to find a sequence {sk)k in A with properties (j3.ip . Define 

V = {sgA| |^„(s)-1| <e} . 
It follows that we can take a finite subset J- <Z M and a (5 > such that for all s G V, we have 

\\Ep{xvsy*)\\l>25. 
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Consider the Hilbert space /C = L^((M, ep)) and the unitary representation 



Since P is injective, the unitary representation tt is weakly contained in the regular representation 
of A. Define € /C by the formula = J2xeT^*^P^- Define the positive definite function 

: A ^ [0,+oo) : = {Co,tt{s)Co) • 

Note that 'ip{s) = y^-p \\Ep{xVsy)\\l and hence, V'(s) > 2(5 for all s € V. 

Define the normal completely positive map p : M ^ M such that p{hvs) = tlj(s)bvs for all b £ Q, 
s £ A. Since Q is injective and since tt is weakly contained in the regular representation of A, 
it follows that the M-M-bimodule m^''m defined by p is weakly contained in the coarse M-M- 
bimodule m(L^(M) ® 1?{M))m- 

We claim that t{w*p{w)) G [5, 1] for all w E U{Mq). Since \\en{w)-w\\l < /2 for all w G U{Mo), it 
suffices to prove that t{w* p{w)) G [(5, 1] for every unitary w G IA{M) satisfying — ■u;||2 < £^/2. 

Take such a unitary w and write w = X^seA ^s^s- It follows that 

y > ll^'nM - W\\l = ^ - 1|^ ll^slli 

seA 



> \^n{s)-l\''\\bs\\l 
sGA-V 



seA-v 



We conclude that 



seA-v 



'3iii< 2 



Since is unitary, it follows that 



It now follows that 



sev 



T{W*P{W)) = E^(^)ll^^lli > E^(^)ll^^ll2 

seA seV 

>2,5^||6,||i>^. 
sev 

Hence, our claim is proven. 

Since t{w*p{w)) G [5,1] for all w G U{Mq), the M-M-bimodule m^'^m contains a non-zero Mo- 
central vector. On the other hand, the M-M-bimodule m^'^m is weakly contained in the coarse M- 
M-bimodule M(L^(Af) ® L^(-^))m- It follows that the coarse Mo-Mo-bimodule admits a sequence 
of almost Afo-ccntral unit vectors. This is a contradiction with the assumption that Mq has no 
injective direct summand. □ 

Lemma 3.2. Let M be a IIi factor with the following deformation property. We have an in- 
clusion M C M of M into the finite von Neumann algebra M such that the M-M-bimodule 
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m(L^(M) e L2(M))m is weakly contained in the coarse M -M -himodule m(L^(M) ® 1?{M))m- We 
are given a sequence an G Aut(M) such that \\a — an(a) II2 — > for all a G M . 
Let P C M be a von Neumann subalgebra and assume that P is injective. 

Assume that the countable group A acts trace preservingly on the injective von Neumann algebra 
Q and suppose that we have identified Q yi A = pMp for some projection p E M. We denote by 
(^s)seA the canonical unitaries in Q yi K. 

Finally, assume that Mi , M2 C M are von Neumann subalgebras such that Mi and M2 commute 
and Ml , M2 have no injective direct summand. 

Then, for every e > 0, there exists n and a sequence Sfe G A such that 

1. \\an{vsk) - EMianivsk))\\2 < £ for all k, 

2. \\Ep{xVs^y)\\2 for all x,yeM. 

Proof. We use throughout the trace r normahzed in such a way that r(p) = 1. We use the notation 
II • II2 accordingly. 

Assume that the statement is false. Take e > such that for all n € N, it is impossible to find a 
sequence G A satisfying properties 1 and 2 above. 

Put N := Q yi A, which we identified with pMp. Define the normal, unital *-homomorphism 
/3 : N ^ N'^N given by /3{avs) = avg (g) Vs for all ^ G Q, s G A. Put N := pMp. Define 
the A^-iV-bimodule given by Ti := L'^{N) (g) L^iN) with x ■ ^ ■ y := f3{x)^l3{y). Put := 

L'^{N) (g) (L'^{N) Q L^(iV)). Note that TL^ dU is an iY-A^-subbimodule. By our assumptions and 
because Q is injective, the A^-A^-bimodule nTI^n is weakly contained in the coarse A^-A^-bimodule. 

Since Mi is diffuse and M is a factor, we may assume that p G Mi. We replace Mi by pMip and 
M2 by M2P so that they become commuting subalgebras of N. 

Put £1 = ^s. Since Mi has no injective direct summand and since Mi^°Mi is weakly contained in 
the coarse Mi-Mi-bimodule, we can take a finite subset 7^ C Mi and a p > such that whenever 
^ eV.^ and llx • ^ - ^ • x||2 < p for all x e J^, then ||^||2 < £1. 

Define the linear map 

en-.Mi^n-. 9n{a) = (1 ^ p) [id® an) P {a) {1 ®p) . 
Take n large enough such that 

||Q;n(p) -p||2 and ||(id (g) a~^)^(a;) - /3(x)||2 ,a; G J" , 
are all sufficiently small in order to ensure that 

||x • On{a) — 9n{a) ■ x\\2 < p for all a; G , a G U{M2) . 

It follows that 

||^„(a) - (id EM)en{a) h < £1 for ah a G U{M2) . 
When choosing n, we can make sure that || Q;n(p) — pIU < £ij yielding 

\\Onia) - (id (8) an)^(a) II2 < 2£:i||a|| for all a e M2 . 
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As a conclusion, we get 

||(id®Q„)/3(a) - (id«)£;Moan)/3(a)||2 < 5ei for all a e ^(Ma) . (3.2) 

Define V = {s S A | \\an{vs) — EM{o:nivs))\\2 < e}- By our assumption ex absurdo, it is impossible 
to find a sequence E A satisfying conditions 1 and 2 in the formulation of the lemma. Hence, we 
find a finite subset J^i C M and a 6 > such that for all s G V, we have 

\\Ep{xvsy*)\\l>5. 

Define the A^-A^-bimodule at/Cat where 

}C = L'^{N)^pL^{{M,ep))p and x • ^ • y = /3(x)^/3(y) . 

Since P is injective, 7v(pL^((M, ep))p)Ar is contained in the coarse AT-A^-bimoduIe. Since Q is 
injective, also at/Cat is weakly contained in the coarse A^-A^-bimodule. We now prove that /C admits 
a non-zero Ma-central vector. Since M2 has no injective direct summand, this yields the required 
contradiction. 

Define the vector ^ G /C by the formula 

^ := 1 ® px*epxp . 

We will prove that 

(a • C • a*, > for all a G UiM^) . (3.3) 
Take a G lAiM'i) and write a = X^^gy^ a-s'^s with G Q. Then, 

(id (g) an)/3(a) - (id ® Em o an.)/3(a) = ^ ast-s ® (a„(vs) - EuioLniys))) ■ 

Using ()3.2p and the definition of V C A, it follows that 



{heiY > ||(id(g)a„)/3(a) - (id ^Af o an)/3(a) 112 

= X] Il"s|l2 llan('Vs) - EM{aniVs))\\l 



seA\v 



l|2 
ffls II2 



Using our definition of ei, we conclude that 

3 

4 



llfflslla ^ ^ ^iid hence llt^sHa ^ 

sGA\V sgV 



It follows that 



sGA x,y&T\ 

So, we have shown (j3.3p . It follows that the unique vector of minimal norm in the closed convex 
hull of {a ■ ^0 ■ o* I a G IA{M2)} is non-zero and Ma-central. This ends the proof of the lemma. □ 
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4 Some Herz-Schur multipliers on amalgamated free products 



Let r be a countable group. A function (/? : F ^ C is called a Herz-Schur multiplier if Ug i— > 
ip{g)ug extends to an ultraweakly continuous, completely bounded linear map : L(r) — t- L(r). 
The linear space of Herz-Schur multipliers on T is denoted by B2(r). Whenever ip E B2(r), put 
llV'llcb := llm^llcb- 

Let r = Fi *x; r2 be an amalgamated free product. All elements g (z T have a natural length \g\, 
arising by writing g as an alternating product of elements Fi — S and elements in F2 — S. By 
convention, \g\ = if and only if (7 € S. 

The following result is probably well known. It is an immediate consequence of |BP931 Proposition 
3.2] and we include a proof for the convenience of the reader. 

Lemma 4.1. 1. For every G N, there exists K' > K and ip € B2(F) with the following properties. 

• llV'llcb <2. 

. ^l^{g) = lif\g\<K and ^{g) = if \g\ > K' . 

• < ^{g) < 1 for all g £T. 

2. For every S N, there exists K' > K and (p G B2(F) with the following properties. 

• \W\\ch < 3. 

• ^{g) =^if\g\<K and ip{g) = I if \g\ > K' . 

• < ip{g) < 1 for all g eV. 

Proof. 1. Whenever < p < 1, define 9p{g) = p'^L For all n € N, put 7n(fl') = 1 if bl = ^ 
and 7n(5') = if \g\ ^ n. By |BP93[ Proposition 3.2], all 6p and 7^ belong to B2(F) and satisfy 
ll^'pllcb = 1 and ||7„||cb < 4n + 1. 

Choose IT € N. Take < p < 1 close enough to 1 such that 



^(l_pn)(4n+l)<-. 



n=0 



Next, take K' 



> K large enough such that 




n=K' 



Define 



'1 ifbl<i^, 
^{9) = \p^ \i K <\g\<K' , 
Jd if \g\ > K' . 



Since 



K 00 



^ = 0, + ^(l-p")7n- E 



n=0 n=K' 



we conclude that ifj £ B2(F) and ||V'||cb ^ 2. 
2. Take as in 1 and put ip{g) = 1 — V'(fi')- 



□ 
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5 Factors with unique group measure space Cartan subalgebra 



Definition 5.1. We define the family Q of groups F of the form F = Fi *s F2 with the following 
properties. 

1. Fi contains a non-amenable subgroup with the relative property (T) or Fi contains two 
non-amenable commuting subgroups, 

2. S is amenable and F2 7^ S, 

k 

3. There exist gi, . . . , & T such that giT,g~^ is finite . 

i=l 

Our main result says that all group measure space IIi factors with groups T G Q have a unique 
group measure space Cartan subalgebra. We also deal with amplifications. Therefore, denote by 
D„(C) the subalgebra of diagonal matrices in M„(C). The following is a more general version of 
Theorem 11.11 

Theorem 5.2. Let T be a group in the family Q and F r\ {X,fi) a free ergodic p.m. p. action. 
Denote M = L°°(X) xi F. Whenever A r\ {Y, rf) is a free ergodic p.m. p. action, p € M„(C) M is 
a projection and 

TT : L°°(y) >] A ^ p(M„(C) M)p 

is an isomorphism, there exists a projection q G D„(C) ®h°°{X) and a unitary u € g(M„(C) (8>M)p 
such that 

tt(L^{Y)) = n*(D„(C) L°°(X))n . 

In the rest of this section, we prove Theorems 15.21 and 11.41 We already deduce the following result, 
similar to [PVOScl Theorem 1.2] which dealt with certain free product groups F = Fi * F2. 

Corollary 5.3. Let F = Fi *x; F2 be a group in the family Q. Assume that Fi and F2 are finitely 
generated and assume that at least one of the Fj has fixed prize with cost strictly larger than 1 (e.g. 
T2=¥n for 2 <n < 00). 

For any free ergodic p.m. p. action F r\ {X,fj,), the Hi factor L°°{X) xi F has trivial fundamental 
group. In other words, using the notation of fPVMBI, we have 5factor(r) = {{1}}- 

Proof. Theorem 15 . 21 implies that the fundamental group of L°° (X) x F equals the fundamental group 
of the orbit equivalence relation TZ = TZ{T r\ X). By [GaOOl Theoreme IV. 15], TZ has cost strictly 
between 1 and 00. It then follows from [GaOOl Proposition II. 6] that TZ has trivial fundamental 
group. □ 

5.1 Deformation of amalgamated free product factors 

Let Ml, M2 be von Neumann algebras equipped with a faithful normal tracial state r. Assume that 
P is a common von Neumann subalgebra of Mi and M2 and that the traces of Mi, M2 coincide 
on P. Denote by M = Mi *p M2 the amalgamated free product with respect to the unique trace 
preserving conditional expectations (see [Po93] and |VDN92j ) and still denote by r the canonical 
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tracial state on M. The Hilbert space L^(M) can be explicitly realized as follows, where we denote 
L2(M°) ■=l?{Mi)Ql?{P). 

1?{M) = 1?{P) e (l2(M° ) ®p l2(M° ) ®p...®p 1?{MI)) . 

For all < p < 1, denote by nip G B(L^(M)) the operator given by multiplication with the positive 
scalar p" on L2(M° ) (g)p L^(M° ) (8)p • • • (g)p L2(M°^). Actually (and this will incidentally be a 
consequence from the following discussion), there is a unique normal unital completely positive 
map m.p : M ^ M whose extension to L^(M) is the nip that we have just defined. 

Following |IPP051 Section 2.2], we can define the following deformation of M. Define, for i = 1,2, 
Mi := Mi*p{P(Si L(Z)). Define M := Mi *pM2 and observe that we have a canonical identification 
M = M *p (P(8)L(F2)). We now define a one-parameter group of automorphisms at of M. 

Whenever a £ Aut(Mi) and (3 € Aut(M2) are both the identity when restricted to P, we have 
a unique a * /3 € Aut(M) simultaneously extending a and /?. Denote by u the canonical unitary 
generator of L(Z) viewed as a subalgebra of Mi and denote by v the canonical unitary generator of 
L(Z) viewed as a subalgebra of M2. Let / : T — )• (— tt, tt] be the unique map satisfying z = exp(z/(z)) 
for all z € T. Define the self-adjoint elements h G Mi and k € M2 as /i = f{u) and /c = /(v). Put, 
for all t € M, ut = exp{ith) and i;* = exp{itk). Then, Ad(Mt) € Aut(Mi) and Ad(?;t) G Aut(M2) 
are both the identity on P, so that we can define at G Aut(M) as at := Ad(ut) * Ad{vt). 

Define pt = T{ut)'^ = T{vt)'^ ■ It happens to be that pt = ^^"^l^^lyP and hence, if t decreases from 1 to 
0, then Pt increases from to 1. By using the definition of the trace on M, it is easy to see that 

EM{at{x)) = mp,(x) . 

This also shows that mp is a normal unital completely positive map on M for all < p < 1. 

Observe that, when P is injective, the M-M-bimodule jvf(L^(M) 0L^(M))Af is weakly contained 
in the coarse M-M-bimodule m{^'^{M) ®1?{M))m (see |CH08l Proposition 3.1] for a detailed 
argument). So, we are then in a situation where Lemma 13.21 can potentially be applied. 

We now present one of the main technical results from [IPPOSj . Since the statement as we need it, 
is not exactly formulated in [IPPOSj . we give a sketch of proof, indicating the different steps from 
[IPPOSj that are needed to prove the result. Recall that the normalizer Nn{Q)" of a von Neumann 
subalgebra Q C is the von Neumann algebra generated by the group of unitaries u G N satisfying 
uQu* = Q. 

Theorem 5.4. Let Mi,M2 be tracial von Neumann algebras with a common von Neumann sub- 
algebra P on which the traces coincide. Denote by M = Mi *p M2 the amalgamated free product 
w.r.t. the trace preserving conditional expectations. Denote, for < p < 1, by m.p the completely 
positive map on M introduced above. Let p G M be a projection and Q C pMp a von Neumann 
subalgebra. 

Lf there exists < p < 1 and 5 > such that T{v*mp{v)) > 6 for all v G hl{Q), then Q <m P or 
■^pMpiQ)" '<M Mi for some i G {1,2}. As explained above, AfpMpiQ)" denotes the normalizer of 
Q inside pMp. 

Proof. Clearly, T{v*mp{v)) increases when p increases. So, with the notation introduced before the 
theorem, we can take < to < 1 such that 

T{v*at{v)) = t{v*Em(Mv))) = T{v*mp^{v)) > 5 for all v G U{Q) , 0<t<to. 
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In particular, we can take t of the form t = 2~" such that T{v*at{v)) > 5 for ah v E U{Q). Denote by 
y € pMatip) the unique element of minimal || • II2 in the closed convex hull of {v*at{v) \ v € U{Q)}. 
It follows that y ^ because T{y) > 6 and that xy = yat{x) for all x € Q- 

Assume that Q -/<u P- We have to prove that AfpMpiQ)" -<M Mi for some i € {1,2}. Repeating 
|IPP051 Proof of 3.3] (see also |Ho07l Step (2) of 5.6]), we find a non-zero z G pMai{p) satisfying 
xz = zai{x) for all x G Q. As in j lPPOSl Proof of 4.3] (actually, literally repeating |Ho071 Step 
(3) of 5.6]), we can conclude that for i = 1 or i = 2, we have Q <m Mi. Since we assumed 
that Q P, |IPP051 Theorem 1.1] (see also |Ho071 Theorem 4.6]) implies that the normalizer 
■l^pMpiQ)" can be embedded into Mj inside M. □ 

For later use, we also record the following non-optimal inequality. As positive operators on L^(M), 
we have (1 — m^)^ < 1 — nip < 1 — m^. Hence, ||x — mp(a;)||| < ||x||2 — ||mp(x)|||. On the other 
hand, for all t G M and x £ M, we have 

\\at{x) - EM{at{x))\\l = \\x\\l - \\EM{at{x))\\l = \\x\\l - ||mp,(x)||2 . 

It follows that 

\\x -mp^{x)\\2 < \\at{x) - EM{at{x))\\2 for all x G M , < t < 1 . (5.1) 

Finally, let F = Fi *s F2 be an amalgamated free product of groups. Assume that F acts in a trace 
preserving way on the tracial von Neumann algebra {A, r). Put M = A xiT. Putting Mj = j4 xi Fj 
for i = 1, 2 and P = j4 xi S, we have M = Mi * p M2 in a canonical way. Moreover, for all < p < 1, 
a G ^, 5 G F, we have 

m.p{aug) = p^^^aug , 

where j^l denotes the length of g in the sense explained at the beginning of Section HI 
5.2 A combinatorial lemma 

Fix an amalgamated free product F = Fi *x; F2 and a trace preserving action F r\ (A, r) of F on 
the tracial von Neumann algebra (A, r). Put M = j4 xi F and P = A Xi T,. 

For every G N, denote by Vk the orthogonal projection of L^(M) onto the closed linear span of 
{aug \ \g\ < K,a £ A}. 

Whenever go,hQ G (Fi — S) U (F2 — S), denote by Wg^^^h^ the subset of F consisting of those 5 G F 
with |(7| > 2 admitting a reduced expression starting with go and ending with ho (this means that 
any reduced expression for g starts with goa and ends with cr'/ig for some a, a' G S). Denote by 
PgoM the orthogonal projection of L^(M) onto the closed linear span of {aUg \ g G Wg^^hgi a G A}. 

In general, whenever W C T, denote by Vw the orthogonal projection of L^(M) onto the closed 
linear span of {aUg \ g £ W,a G A}. 

Lemma 5.5. Let G N and assume that (y^) is a bounded sequence in M with the following 
properties. 

• yk = VKiVk) for all k. 

• \\Ep{xykz)\\2 ^ for all x,z € M. 
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Let g,h €T with \g\, \h\ > K and write g, h as reduced expressions. Denote by go the first letter of 
g and by Hq the last letter of h. Then, we can write 

UgVkUh = ak + h 

where a^, are bounded sequences in M satisfying the following properties. 

• Ofc = Vgo^hoiak) for all k. 

Proof. We fix once and for all words with letters alter natingly from Fi — E and r2 — S representing 
the elements g and h. 

Let (51, ^1), • • • , {gN,hN) be an enumeration of all pairs of words {g', h') satisfying 

• \g'\ + \h'\ < K, 

• the fixed word representing g ends with the subword g', 

• the fixed word representing h starts with the subword h'. 

Define Wi = gg^^m^^h and W = (jili W^. Observe that 

VWiix) = UgU*g.Ep{ug,u*gXuluhi)ul.Uh 

for all x G M. Hence, is completely bounded as a map from M to M. The orthogonal 
projections Vwi commute and hence 

i-rw = {i-Vwr)---{i-VwM) ■ 

So, Vw is completely bounded on M. We put bk = 'PwiugykUh) smd = Ugy^Uh — b^. So, and 
b}^ are bounded sequences in M with Ugy^Uh = a^ + bk. 

First observe that 

N N 

\\bk\\l < Yl W^wA^gykUhnl = Yl W^Pi^aiVkUhMl ^ . 
i=l i=l 

It remains to prove that = Vg^^hoif^k) for all k. But, if r G F with \r\ < K and if grh admits no 
reduced expression that starts with go and ends with /iqi there must exist i € {1, . . . , A^} such that 
girhi G S and hence grh G W . As a consequence, whenever y E M with y = Vxiy), we have 

Ugyuh - Vwiugyuh) G Pg(,,h(,(L^(M)) . 

This concludes the proof of the lemma. □ 
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5.3 Group measure space Cartan subalgebras can be intertwined into A xi E 

Fix r = Fi *s r2 satisfying the conditions 1 and 2 of Definition 15.11 Let T r\ (A, r) be a trace 
preserving action of T on the tracial injective von Neumann algebra {A,t). Put M = A yi T and 
P = A yj T,. Note that P is injective, because A is injective and S is amenable. 

Theorem 5.6. Whenever p € M is a non-zero projection and pMp = B yi A is a crossed product 
decomposition where A r\ {B,t) is a trace preserving action on the abelian von Neumann algebra 
B, then B P- 

We will prove Theorem 15.61 by combining the transfer of rigidity lemmas 13.11 13.21 with the following 
result saying that any abelian algebra that is normalized by 'many' unitaries of short word length, 
is itself uniformly of short length. 

As in Section 15. H define for every < p < 1, the unital completely positive map m.p on M by 
mp{aug) = p^^^aug for all a G A, 17 € F. 

Lemma 5.7. Let p G M be a projection and B C pMp an abelian von Neumann subalgebra. Put 
£ = r(p)/2072 and assume that we are given < p < 1 and a sequence of unitaries £ pMp that 
normalize B and satisfy 

• \\vk - v[ip{vk)\\2 < e/2 for all k, 

• \\Ep{xvky)\\2 for all x,yeM. 

Then, there exists a < po < 1 and a 6 > such that T(w*mpQ{w)) > 6 for all w € U{B). 

Proof. Throughout the proof we make use of the Herz-Schur multipliers provided by Lemma l4.ll 
Whenever (p G B2(F), we can extend to ^ x F, without increasing the cb-norm, by putting 
mi^{aUg) = ip{g)aUg for all a G A and 5 G F. 

Assume that the lemma is false. Take G N such that p^ < 1/2. Denote as before by Vk the 
orthogonal projection of L^(M) onto the closed linear span of {aug \ a £ A,\g\ < K}. Note that 

\\v - VKiv)\\2 < 2||mp(f) - f II2 

for all V £ M. 

By Lemma ICTl. take Ki > K and t/j £ B2(F) satisfying ||V^||cb < 2, ^(g) = 1 if \g\ < K, ^{g) = 
if \g\ > Ki and < ij^id) — 1 5 € F. Define := m^(fjt). Since 

\\vk - 'PK{vk)\\2 < 2\\mp{vk) - Vk\\2<£ , 
we get \\vk — Vklh < £• So, the sequence (y^) satisfies 

• WvkW < 2 for all k, 

• yk = VKiiVk) for all k, 

• \\vk - Vkh < £■ 
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We claim that also \\Ep(xykz)\\2 — > for all x,z £ M. Since (y^) is a bounded sequence and since 
^ C P, we may assume that x = Ug, z = for some g,h (^T. Denote by Vq the orthogonal 
projection of L^(M) onto the closed linear span of {aur | a G A, r € g^^T^h^^}. Then, 

\\Ep{ugykUh)\\2 = ||^o(yfc)||2 = ||Po(m^(^'fc))||2 
= \\m^{Vo{vkm2 < \\T^o{vk)h 
= \\Ep{ugVkUh)\\2 . 

This proves the claim. 

By Lemma I4.1[ 2. take K2 > 2Ki and (/? € B2(r) satisfying Hv'llcb ^ 3, (p{g) = if l^l < 2Ki, 
ip{g) = 1 if 1^1 > K2 and < 99(5) < 1 for all g eV. 

Take < po < 1 close enough to 1 such that Pq'^ > 1/2. By our assumption by contradiction, take 
a unitary w € U{B) such that 

£2 

T{w*mp,,{w)) < — . 

It follows that ||'Px2 ('^^) II2 ^ By the Kaplansky density theorem, take wq in the dense *- 

subalgebra 

Mo = span{aug \ a £ A, g £ T} 
with llu^oil < 1 and \\w — tt^olb < e/2. Put x = m<^(u;o)- Then, 

||m^(w) - x\\2 = \\^f{w - ■wo)\\2 < \\w - ■wo\\2 < I . 

Since ||7'a'2(^)I|2 < e/2, also \\w — mi^{'w)\\2 < e/2. So, our element x € M has the following 
properties. 

• X G spanjaiip | a € ^, |g| > 2Ki}, 

• \\x\\ < 3, 

• \\w — x\\2 < S. 

Since B is abelian, w G U{B) and normalizes B, we have 

p = VkWv\ W VkW*vl w* 

for all k. We now replace by and w by x. We use the estimates for \\yk\\-, 
\\w — x\\2-, io conclude that 

Wp-Vk xylxvk X* yl x*\\2 

<e(l + 3 + 2- 3 + 3- 2- 3 + 2- 3- 2- 3 + 3- 2- 3- 2- 3 + 2- 3- 2- 3- 2- 3 + 3- 2 

= 1036e = -t{p) . 
It follows that for all A;, 

|r(yfc xylxyk x* yl x*)\ > -t{p) . 
We claim however that the left-hand side tends to when k ^ 00. 



Vk - Vkh and 



• 3 • 2 • 3 • 2 • 3) 
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Since x G spanjaug | a € ^1, |g| > 2Ki}, it suffices to prove that 

T{yk Ugaugi yl Uhbuh' yu UrCUr' yl utduf) (5.2) 

for all a,b,c,d G A and for all group elements g, g' ,h,h' ,k,k' ,r,r' ,t,t' having length at least Ki 
and being chosen such that the concatenations gg' , hh' , rr' and tt' are reduced. 

We now study the expressions 

UfVkUg , Ug'Vk'^h , Uh'VkUr and Ur'ylut . 
According to Lemma 15.51 every of these four expressions can be written as a sum a[,*^ + b^^\ 

(i) w 

i = 1,2,3,4, of bounded sequences satisfying the following properties: ||&^ II2 and we have 

_ Vg^^hoi^^k^) where go is the first letter of resp. t',g',h',r' and ho is the last letter of resp. 
g,h,r,t. 

Then, the left hand side of ()5.2p equals 

r( (4" + i,<") a („f + i,f ) 6 (of + 6f ) c (af + i,f ) d) . 

(i) 

Developing all the sums, the one term that only involves equals zero because there is no 
simplification between consecutive factors of the product and all the other terms tend to zero 
because ||^^*'*|I2 and the (a^*'*) are bounded. 

We have reached a contradiction and hence we have proven the lemma. □ 
It is now easy to prove Theorem 15. 6[ 

Proof of Theorem \5.(A Denote by {vs)s&lv the canonical unitaries in S xi A. Put e = r(p)/2072. 
In the situation where Fi has a non-amenable subgroup H with the relative property (T), we 
apply Lemma l3.ll to the completely positive maps mp, /) — ?> 1 and the von Neumann subalgebra 
Mq = 1j{H). In the situation where Fi has two non-amenable commuting subgroups Hi,H2, we 
apply Lemma 13.21 to the deformation at, t — )• 0, introduced in Section 15.11 and the commuting 
subalgebras L{Hi), L{H2). Combined with ()5.ip . we always find < p < 1 and a sequence G A 
such that 

• \\vsf^ - mpivsjh < e/2 for all k. 

• \\Ep{xVs^y)\\2 for all x,y e M. 

By Lemma [5771 we get a < p < 1 and a S > such that T{w*m.p{w)) > 5 for all w G U{B). 
By Theorem 15.41 we have that B -<m P or that MpMp{B)" -<m AyiVi for some i = 1,2. Since 
J^pMp{B)" = pMp and since Fj < F has infinite index, the second option is impossible, concluding 
the proof of the theorem. □ 
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5.4 Proof of Theorems 15.21 and 11.41 



Proof of Theorem\5M Put A = M„(C) L°°(X) with T r\ A acting trivially on M„(C). In the 
proof, we do not write the isomorphism vr and we put B = L°°(y). So, AxT = M„(C) ® M and 
p is a projection in ^ xi F such that p{A x T)p = B x A. By Theorem 15.61 we get an intertwining 
bimodule between B and ^ x S. So, we also have 

B <M L°°(X) X S . 

By condition 3 in Definition O and |PV06l Theorem 6.16], it follows that B <m L°°(X). Then, 
[PoOH Theorem A.l] (see also |Va06l Theorem C.3]) provides the conclusion of the theorem. □ 

Proof of Theorem \1.4\ Since F acts ergodically on (X, fi) and F is ICC, it follows that M is a factor. 
Assume that i? is a group measure space Cartan subalgebra in pM'^p. Repeating the previous proof, 
it follows that B L°°{X). By |OP07l Theorem 4.11], it follows that F {X,fi) is free. □ 

5.5 III factors with at least two group measure space Cartan subalgebras 

By definition, the family Q consists of amalgamated free products F = Fi *sF2, where Fi satisfies a 
rigidity condition (|5.1[ 1). where S is amenable and different from F2 (|5.1I 2) and where HiLi Qi^d^^ 
is finite for some gi, . . . ,gk ()5.1I 3). Without this last condition, it is possible to give examples 
of group actions such that M = L°°(X) xi F admits at least two Cartan subalgebras that are 
non-conjugate by an automorphism of M. 

Indeed, Connes and Jones |CJ82| provide examples of free ergodic p.m. p. actions F x S r> (X, ^u) 
such that the IIi factor L°°(X) >j (F x S) has at least two group measure space Cartan subalgebras 
that are non-conjugate by an automorphism. In their construction, F can be any non-amenable 
group and S is a specific infinite amenable group. In particular, one can consider 

(Fi * F2) X S = (Fi X S) *E (F2 x S) 

and provide examples where conditions 15.11 1 and 15.11 2 are satisfied, but condition 15.11 3 is not. 

Mimicking |OP081 Section 7] , we give other examples of IIi factors with at least two group measure 
space decompositions. The following general non-uniqueness statement is a consequence of Example 
15.81 Whenever F = x G is a semi-direct product group with H being infinite abelian, then F 
admits free ergodic p.m. p. actions such that the corresponding group measure space IIi factor 
has at least two non unitarily conjugate group measure space Cartan subalgebras. Whenever 
G = Gi *E G2, also T = [Hx Gi) {H X G2). As such, we get again examples where conditions 
15.11 1 and 15.11 2 are satisfied, but condition 15.11 3 is not. 

Example 5.8. Let H be an infinite abelian group and G H an action by automorphisms. Let 
if be a dense embedding of H into the compact abelian group K. Assume that G r\ H 

extends to an action by homeomorphisms of K that we still denote by a. Whenever G r\ (X, ji) is 
a free ergodic p.m. p. action, consider the free ergodic p.m. p. action 

HxGn.KxX given by J ^ " ^) = + ^' ^) foi edl h € H, g € G,k e K,x e X . 

[g ■ {k,x) = {ag{k),g ■ x) 
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Dualizing the embedding H ^ K, we get the embedding K ^ H and the action of G by automor- 
phisms of K and H. We canonically have 

L°°(i^ X X) X X G) = L°°(^ X X) X X G) . 

First of all, the group measure space Cartan subalgebras L°°{K x X) and L°°{H x X) are never 
unitarily conjugate. Indeed, if /i„ € is a sequence tending to infinity in H, the unitaries Uh„ € 
L(//) satisfy ||-EL°°(ii'xX)(a^t/i„6)||2 ^ for ah a, 6 G L°°(i^ x X) x (i/ x G). It follows that 
L°°{H) = L{H) 7^ L°°(K X X). A fortiori, L°°{H x X) cannot be unitarily conjugated onto 
L°°{K X X). 

In certain examples, the Cartan subalgebras L°°{K x X) and L°°{H x X) are conjugate by an 
automorphism. This is, for instance, always the case when the action G r\ H is trivial. Then, the 
crossed product IIi factor is the tensor product of L°°(X) x G and L°°{K) x H = L°°{H) x K. 
The second tensor factor is the hyperfinite IIi factor and hence, the Cartan subalgebras Ij°°{K) 
and L°°{H) are conjugate by an automorphism |UW801 [CFW81] . 

In other examples, the Cartan subalgebras L°°{K x X) and h°°{H x X) are non conjugate by an 
automorphism. Consider G = SL(n,Z) r\ H = and 17^ ^ K = Z^, where Zp denotes the ring 

of p-adic integers for some prime number p. It follows that if x G is the direct limit of a sequence 
of groups that are virtually isomorphic with SL(n,Z). 

• For n = 2, H Xi G does not have the Haagerup property (because H is an infinite subgroup 
with the relative property (T)), while K x G has the Haagerup property (as the direct limit 
of groups with the Haagerup property). 

• For n = 3, H X G has property (T), while K x G does not have property (T) (as the direct 
limit of a strictly increasing sequence of groups). 

Since both property (T) |Fu99al Corollary 1.4] and the Haagerup property [PoOH Remark 3.5.6°] 
are measure equivalence invariants, it follows that for n = 2, 3, the group actions (HxG) r\ (KxX) 
and {K x G) r\ (H x X) are not stably orbit equivalent. Hence, the corresponding group measure 
space Cartan subalgebras are not conjugate by an automorphism either. 

5.6 Amalgamated free products over groups with the Haagerup property 

We mention that the result in Theorem 15.21 also holds for certain amalgamated free products 
r = Fi *s F2 over non-amenable groups S with the Haagerup property, once the free ergodic p.m. p. 
action F r\ {X,fi) is such that L°°(X) x S still has the Haagerup property. This latter condition 
is not automatic, but holds for plain Bernoulli actions by |CSV09l Theorem 1.1]. More precisely, 
apart from the Haagerup property of h°°{X) x S, one has to assume that F = Fi *s F2 is such that 
Fi admits an infinite subgroup with property (T), that S has the Haagerup property, that S 7^ F2 
and that the 'malnormality' condition 15.11 3 holds. 

In order to prove such a statement, it suffices to observe that Lemma |3. II still holds when Mq has 
property (T) and P has the Haagerup property. In the proof of Theorem 15.21 Lemma (3. II is applied 
to P = L°°{X) X S. 
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6 Stable W*-superrigidity theorems 



6.1 W*-superrigidity 

Let r r\ {X,ij,) be a p.m. p. action. Denote A = L°°{X) and denote by (cjg)ggr the corresponding 
group of automorphisms of A. We denote by (F r\ X) the abehan group of scalar 1-cocycles for 
the action T r\ X, i.e. the group of functions uj : T ^ ^(^) '■ 9 ^ satisfying ujgh = ojgag{oJh) for 
ah g,h gT. 

Let A : X — 7> y be a conjugacy between the free ergodic p.m. p. actions T r\ X and A r\Y, with 
corresponding group isomorphism 5 : F ^ A. Define the isomorphism A* : L°°(X) — )• L°°{Y) : 
A(a) = a o A~^. Whenever u ^ Z^(r r\ A), we get an isomorphism 

e : L°°(X) X F ^ L°°(y) X A : 9{aug) = A,{aujg) u^^g) for ah a G L°°(A:) , 5 G F . (6.1) 

Definition 6.1. We cah a free ergodic p.m. p. action F r\ {X,iJ,) W* -superrigid if the following 
property holds. If A r> (Y, rf) is a free ergodic p.m. p. action and vr : L°°(X) xi F — ?• L°°(y) x A is an 
isomorphism, then the groups F and A are isomorphic, their actions T r\ X, K r\Y are conjugate 
and, up to a unitary conjugacy, vr is of the form ()6.ip . 

Actually, the notion of stable W* -superrigidity is more natural (see Definition 16.41 below), allowing 
in the correct way for amplifications. Indeed, in order for F r\ {X, fi) to be W*-superrigid in the 
above sense, F should not have finite normal subgroups, which is a somewhat restrictive assumption. 

We start with the following more precise version of Theorem 11.21 

Theorem 6.2. Let n > 3 and denote by Tn the subgroup of upper triangular matrices in PSL(n, Z). 
Put F = PSL(n, Z) *T„ PSL(n, Z). Then, every free ergodic p.m. p. action F r\ {X, fi) with the prop- 
erty that all finite index subgroups ofTn act ergodically on {X,fi), is W* -superrigid. In particular, 
all free p.m. p. mixing actions ofT are W* -superrigid. 

Proof. Take a free p.m. p. action F r\ {X, fi) such that the restriction to every finite index subgroup 
of Tn is ergodic. Assume that L°°(A') x F = L°°{Y) x A for some free ergodic p.m. p. action 
A r\ {Y,r]). By Theorem 15. 2| we can unitarily conjugate Ij°°(Y) onto L°°(X). Hence, F r\ {X,fi) 
and A r\ {Y,r]) are orbit equivalent. But then, |Ki091 Theorem 1.4] yields the conclusion of the 
theorem. □ 

6.2 Stable W*-superrigidity 

In order to introduce the more natural notion of stable W* -superrigidity, we first discuss stable 
isomorphism of IIi factors. If M is a IIi factor and t > 0, the amplification M* is defined as 
M* := p(M„(C) (g) M)p, where p G M„(C) M is a projection satisfying (Tr 0t){p) = t. Note that 
M* is uniquely defined up to unitary conjugacy. 

Definition 6.3. Let M and be IIi factors. A stable isomorphism between M and N is an 
isomorphism n : N ^ M* for some t > 0. 

Given the isomorphism ir : N ^ Af* and a projection p G M„(C) M with (Tr(8)r)(p) = t, define 
the Hilbert space W := (Mi,„(C) (g) L^{M))p. The formula a ■ ^ ■ b := a(,ir{b) turns into an 
M-A^-bimodule such that the right A^-action equals the commutant of the left M-action and vice 
versa. 
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We equivalently define a stable isomorphism between M and N as being an M-A^-bimodule m'Hn 
such that the right A'^-action equals the commutant of the left M-action (and, equivalently, vice 
versa). Every stable isomorphism m'^n is unitarily equivalent with mT~(-^n for an isomorphism 
TT : N ^ M* that is uniquely determined up to unitary conjugacy. 

We call the number t > the compression constant of the stable isomorphism m'H^n- 
Stable isomorphisms can be composed using the Connes tensor product. Of course, we have 

n'' (8)iv = . 

Fix free ergodic p.m. p. actions T r\ {X,fj,) and A r\ (Y,?]). Stabilizing the notions of W*- 
equivalence, orbit equivalence and conjugacy (see the beginning of Section [2]), we introduce the 
following terminology. 

First recall that a free p.m. p. action F r\ {X, /x) is said to be induced from Fq r\ Xq if Fq < F is a 
finite index subgroup, Xq C X is a non-negligible Fo-invariant subset and, up to measure zero, the 
sets g ■ Xq, g G F/Fq, form a partition of X. 

• We call stable W* -equivalence between the actions F r\ {X,fi) and A r\ (Y,r]), any stable 
isomorphism between L°°{X) x F and L°°{Y) x A. 

• We call stable orbit equivalence between the actions F r\ {X,fj,) and A r\ (Y,ri), any stable 
isomorphism between the orbit equivalence relations TZ(T r\ X) and TZ{A r\ Y), i.e. any 
isomorphism A : Xi — )• Yi between non-negligible subsets Xi C X, Yi CY satisfying 

A(XinF-x) = yinA- A(x) 

for a.e. x € Xi. We call fj,{Xi)/ri{Yi) the compression constant of the stable orbit equivalence. 

• We call stable conjugacy between the actions F r\ {X,fj,) and A r\ (Y,rj), any conjugacy 
between the actions <^ ^ and ^ <^ ^ where T X, A r\ Y are induced from 
Fq r\ Xq, Aq r\ Yq and where G < Fq, <I Aq are finite normal subgroups. The number 
l"^! [r-FoJ is called the compression constant of the stable conjugacy. 

From stable conjugacy to stable orbit equivalence. If F (X, ^) is induced from Fq r\ Xq and 
if G < Fq is a finite normal subgroup, the canonical stable orbit equivalence between F r\ {X, fj,) 
and defined by taking a fundamental domain Xi C Xq for the action G r\ Xq and 

restricting the quotient map Xq ^ to Xi. The compression constant is (|G| [F : Fq])"^. The 
stable orbit equivalence associated with a stable conjugacy between F r\ {X, /j,) and A r\ (Y, rf) is 
defined as the composition of the canonical stable orbit equivalences with ^ ^) resp. 7^ ^ 
together with the conjugacy between both actions. 

From stable orbit equivalence to stable W* -equivalence. Let A : Xi — > Yi be a stable orbit equiva- 
lence and denote by j» G L°°(X), q £ L°°{Y) the projections with support Xi,Yi. Then A gives rise 
to a canonical isomorphism vr^ : q{h°°{Y) x A)q — )• p(L°°{X) x T)p satisfying Tr/\(b) = bo A for all 
b G L°°(Yi). The isomorphism tta amplifies to a stable W*-equivalence L°°(y) x A (L°^(X) x F)*, 
with t = fi{Xi)/r]{Yi), that we still denote by tta- 

Definition 6.4. A free ergodic p.m. p. action F r\ {X,fj,) is said to be stably W* -superrigid if the 
following holds. Whenever vr is a stable W*-equivalence between F r\ {X, fj,) and an arbitrary free 
ergodic p.m. p. action A r\ {Y,ri), it follows that the actions are stably conjugate and that vr equals 
the composition of 
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• the canonical stable W* -equivalence given by the stable conjugacy, 

• the automorphism of L°°(X) xi F given by an element of Z^(r r\ X), 

• an inner automorphism of L°°(X) x T. 

Let r r\ {X, fi) be stably W*-superrigid. If moreover T has no finite normal subgroups and if finite 
index subgroups of T still act ergodically on (X, /x), then T r\ {X,n) is W*-superrigid in the sense 
of Section [TJ 

For certain families of group actions F (X, /u), all 1-cocycles with values in are known to be 
cohomologous to a group morphism and then we may assume that the corresponding automorphism 
of L°°{X) XI F is implemented by a character F — )• S*^. 

From stable W* -equivalence to stable orbit equivalence. Let F r\ {X,n) be a free ergodic p.m. p. 
action satisfying the conclusion of Theorem 15.21 Whenever tt is a stable W*-equivalence between 
F r\ {X, fi) and an arbitrary free ergodic p.m. p. action A r\ (Y, rf), we then find a stable orbit equiv- 
alence A between T r\ X and K r\Y such that tt equals the composition of vta, the automorphism 
of 1j°°[X) X F given by an element of 7}{T r\ X) and an inner automorphism. 

From stable orbit equivalence to stable conjugacy. Let F r\ {X, ^) be a free ergodic p.m. p. action 
that is cocycle superrigid with arbitrary countable target groups (see paragraph l2.4l for terminology). 
Whenever A is a stable orbit equivalence between F r\ {X, fj.) and an arbitrary free ergodic p.m. p. 
action A r\ {Y,r]), it follows (see |Po051 Proposition 5.11], [Va061 Lemma 4.7]) that the actions are 
stably conjugate and that A equals the composition of the canonical stable orbit equivalence given 
by the stable conjugacy and an inner automorphism, i.e. an automorphism Aq of {X, fj,) satisfying 
Ao(x) E F • x for a.e. x G X. Even more so, it actually follows that there exists a finite normal 
subgroup G < F and that A y is induced from Aq r\ Yq such that the actions ^ ^ ^ and 
Aq r\ Yq are conjugate. 

Summarizing the previous two paragraphs, we have proven the following lemma. 

Lemma 6.5. Let F r\ {X, fj,) be a free ergodic p.m. p. action that satisfies the conclusion of Theorem 
\5.2\ and that is cocycle superrigid with arbitrary countable target groups, as well as with target group 
. Then, F nv {X,fi) is stably W* -superrigid. Even more precisely, we have the following. 

Let A r\ (Y,7]) be an arbitrary free ergodic p.m. p. action and n : L°°(X) xi F — )• (L°°(Y) x A)* a 
^-isomorphism for some t > 0. Then, K r\Y is induced from Kq r\YQ and there exist 

• a finite normal subgroup G <T and a group isomorphism : ^ — > Aq, 

• a measure space isomorphism A : — )• Yq conjugating the actions, i.e. A{g ■ x) = 6{g) ■ A{x) 
for all g E ^ and a.e. x E X , 

• a character uj iF ^ , 

such that t = p\T^ and such that, after a unitary conjugacy, vr equals the composition of 

• the automorphism tt^ o/L°°(X) x F given by TTi^{aUg) = uj{g)aug, 

• the canonical isomorphism L°^(X) x F ^ (L°^(-^) x ^)" where n = \G\, 

• the isomorphism vta : L°°(^) x ^ ^ L°°{Yo) x Aq given by 'TTA{aUg) = (a o A^^)ug(^g^ , 
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• the canonical isomorphism L°°(yo) x Aq — )• {L°°{Y) xi A)™ where m = [A : Aq]. 

Remark 6.6. Let T r\ {X, ^) be a stably W*-superrigid, free ergodic p.m. p. action. If F has 
no finite normal subgroups and if the finite index subgroups of T act ergodically on (X, fj) , then 
L°°(X) X r has trivial fundamental group. 

Recall that given any action T r\ I oi a, countable group T on a countable set /, the generalized 
Bernoulli action with base probability space (Xoj/xq), is defined as F r% (Xo,/io)^ where {g ■ x)i = 
Xg-i.i for all g £T, X G Xq and i G I. 

Recall that given any orthogonal representation vr : F — > 0(/Ck) of F on the real Hilbert space /Cr, 
the Gaussian functor allows to define the Gaussian p.m. p. action of F on the Gaussian probability 
space defined by /Cr. 

Theorem 6.7. Let Fi,F2 be countable groups with a common infinite amenable subgroup S. As- 
sume that Tj is a proper, normal subgroup 0/F2 and that there exist 51, . . . , 5fc € Fi such that 

k 

Q giT.g~^ is finite . 
1=1 

PutT = Ti *E F2. 

1. If Fi admits a non-amenable normal subgroup H with the relative property (T), then all of 
the following actions are stably W* -superrigid. 

• Every free p.m. p. action F r\ {X,fj,) whose restriction to Fi is a generalized Bernoulli 
action Fi {Xq, /io)^ with the property that both H ■ i and S • i are infinite for all i G I. 

• Every free p.m. p. action F r\ {X,fi) whose restriction to Fi is a Gaussian action defined 
by an orthogonal representation vr : Fi — )• 0(/Cir) with the property that both restrictions 
TT^jj and 7r|5] have no non-zero finite dimensional subrepresentations. 

2. Suppose that Fi admits non-amenable commuting subgroups H and H' such that H is normal 
m Fi. IfT r\ {X,fi) is a free p.m. p. action whose restriction to Fi is a generalized Bernoulli 
action Fi r\ (Xo,^o)^ with the properties that Stabi H H' is amenable for all i G I and that 
both H ■ i and S • i are infinite for all i £ I, then F r\ {X, fj,) is stably W* -superrigid. 

In particular, for all groups F mentioned in this theorem, the plain Bernoulli action F r\ (Xo,^o)'" 
is stably W* -superrigid. 

More precisely, all actions T r\ X appearing in the theorem satisfy the conclusions of Lemma \6.5[ 

Before proving Theorem 16.71 provide the following concrete examples of stably W*-superrigid 
group actions. 

Example 6.8. 1. Denote by T„ < PSL(n,Z) the subgroup of upper triangular matrices and 
assume n > 3. For an arbitrary non-trivial group A and an arbitrary infinite subgroup 
S < Tn, put F = PSL(n,Z) *x; x A). Whenever T r\ I is such that S • i is infinite for all 
i £ I, the generalized Bernoulli actions F r\ (Xo,/io)^ are stably W*-superrigid. 

2. Let S be an infinite amenable subgroup of the non-amenable group H. Assume that H is 
finitely generated and that S n Z{H) = {e}. Let A be an arbitrary non-trivial group. Define 
Ti = H X H , view S as a subgroup of Fi diagonally and put F = Fi *s F2. Whenever T r\ I 
is such that S • i and {H x {e}) • i is infinite for all i £ I, the generalized Bernoulli actions 
F r> (Xo,^o)^ are stably W* -superrigid. 
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Actually, exploiting the full strength of Theorem 16. 71 many more examples of stably W*-superrigid 
actions can be given. Given an arbitrary faithful^ p.m. p. action A r\ {Xq,ij,q), we construct a 
stably W*-superrigid, free ergodic p.m.p. action F {X, fi) such that A is a subgroup of F and 
such that A r\ (Xq, ^q) is a quotient of the restriction of F r\ {X, fi) to A. 

Recall first the construction of a co-induced action. Let A < F be a subgroup and A r\ (Xq,^q) a 
p.m.p. action. Choose a map vr : F — )• A satisfying ir{gh) = TT{g)h for all (7 G F,/i E A. Define the 
1-cocycle u for the action T r\T/A with values in A by the formula 

uj{g,hA) = 7r{gh)TT{h)-^ . 

Different choices of vr lead to cohomologous 1-cocycles lo. Define the probability space {X,fi) := 
(Xq, fio)^^^ and the p.m.p. action F r\ {X,fi) given by 

{9^^ ■ x)hk ■■= uj{g, hK)'^ ■ XghA for ah g,h e A,x e X . 

We call F r\ {X,fj,) the co-induced action of A r\ (Xo,//o) to F. Different choices of tt lead to 
conjugate actions. 

Note that we can choose vr such that TT{h) = h for all /i G A. Then, the quotient map 9 : X ^ Xq : 
X I— 7- XeA satisfies 9{h ■ x) = h ■ 6{x) for all /i G A, x G X. Hence, A r\ Xq arises as a quotient of the 
restriction of F r> X to A. 

Example 6.9. Take F = PSL(n, Z) *e (S x A) as in Example [Oil or take F = (i? x i?) *s (S x A) 
as in Example 16.81 2. Let A r\ {Xq,ij,q) be an arbitrary faithful p.m.p. action. Then, the co-induced 
action F r\ {X, fi) is stably W*-superrigid. 

In the first example, put Fi = PSL(n, Z) and in the second example, put Ti = H x H . In order to 
apply Theorem 16. 7| it suffices to observe that the restriction of the co-induced action F r\ {X, fi) 
to Fi is a Fi-Bernoulli action. Indeed, the action Fi x A ^ F by left-right multiplication is free. 
Therefore, we can choose vr : F — > A satisfying Ti{ghk) = TT{h)k for all g G Ti,h G F,/;; G A. 
Associated with tt is the 1-cocycle uj for F r\ F/A, which now satisfies uj{g,hA) = e for all g G 

Ti,h G F. Hence, the restriction Fi r\ {X,fi) is precisely the Bernoulli action Fi r\ {Xq, hq)^/^. 

r ri\r/A 
The latter can be seen as the plain Bernoulli action Fi r> 1^ ^, where Yq := Xq 

Example 6.10. Let Fi be an infinite group with property (T), S < Fi an infinite subgroup with 
the Haagerup property and A an arbitrary non-trivial group. Put F = Fi *x; (5^ x A). Using 
paragraph 15.61 instead of Theorem 15. 2[ it follows that the plain Bernoulli action F r\ (Xo,^o)'" is 
stably W*-superrigid. Similarly (cf. Example 16. 9p . the co-induced action F r\ {X, fi) of an arbitrary 
faithful p.m.p. action A r> (Xq,ho), follows stably W* -super rigid. 

6.3 Cocycle superrigidity for actions of amalgamated free products 

Recall from paragraph 12.41 the notion of cocycle superrigidity. Theorem 16.71 will be proven as a 
consequence of Theorem 15.21 and a number of cocycle superrigidity theorems from |Po051 IPo06aj 
that we recall here. 

We first prove the following permanence lemma for £-cocycle superrigidity. It is a direct conse- 
quence of techniques in |Po051 Section 3] , but we give a short and full proof for the convenience of 
the reader. We also deal with arbitrary finite index subgroups, which will be useful in Section [71 

'^-'This means that non-trivial group elements act non-trivially. 
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Lemma 6.11. Let T = Ti *j]T2 be an amalgamated free product where S<ir2 is a normal subgroup. 
Let r r\ {X,fi) be a p.m. p. action and assume that its restriction S r\ {X,fi) is weakly mixing. 
Let C be a Polish group whose topology is induced by a separable complete bi-invariant metric (for 
instance, C € l^Hn)- 

If for every finite index subgroup T[ < Ti the action T'^ r\ (X, fi) is C-cocycle superrigid, then 
r' r\ {X,fi) is C-cocycle superrigid for all finite index subgroups T' < T. 

Proof. From [Po051 Section 3] we deduce the following two principles. Let C be as in the lemma, 
A r\ {X, n) a p.m. p. action and Aq < A a subgroup such that Aq r\ {X, (j) is weakly mixing. Let 
uj : A. X X ^ Che a 1-cocycle such that oj{h, x) = 5{h) for all /i G Aq, where 5 : Aq ^ C is a group 
morphism. 

Principle 1. If Aq is normal in A, then a; is a group morphism on the whole of A. Indeed, 
choose 5 € A and put iIj{x) = uj{g,x). We have to prove that ip is essentially constant. But 
ip{h-x) = 5{ghg~^) il){x) 5{h)~^ for all /i G Aq and a.e. x ^ X. By |PV08bl Lemma 5.4] the function 
"ip is essentially constant. 

Principle 2. If oj is cohomologous to a group morphism on A, then oo is already a group morphism on 
A. Indeed, by assumption we find a measurable map ip : X C and a group morphism p : A —?■ C 
such that u;{g,x) = tp{g ■ x)'"^ p{g)'4j{x) for all g € A and a.e. x ^ X. It suffices to prove that ip 
is essentially constant. But ilj{h ■ x) = p{h)il){x)5{h)~^ for all /i G Aq and a.e. x (z X. Again by 
[PVOSbl Lemma 5.4] the function ip is essentially constant. 

Take a finite index subgroup F' < P and a 1-cocycle u : T' x X ^ C. We have to prove that oo is 
cohomologous to a group morphism. Since Fi H F' is a finite index subgroup of Fi, we may assume 
that Lo is already a group morphism on Fi n F'. We prove that uj is then a group morphism on the 
whole of F'. 

Take a finite index subgroup F" < F' such that F" is normal in F. Define F^ = Fj H F" and 
S' = S n F". Note that S' < S has finite index and that F^ <l Fj, S' <l Fg are normal subgroups. 
Also Ti' r\ (A", p) is still weakly mixing. 

We prove by induction on \g\ that w is a group morphism on gT'^g^"^ for all 5 G F and i = 1,2. For 
\g\ = we already know that w is a group morphism on F'^^. In particular, uj \s a group morphism 
on S' and by principle 1, also on Fg. Assume that the statement is true for all elements of length 
n — 1. Take 5 € F with \g\ = n. Write g = goh where \go\ = n — 1 and G Fi U F2. If /i G Fi, we 
have gT'^g~^ = goT'^g^^. By the induction hypothesis, a; is a group morphism on gr'^g~^ and, in 
particular, on gT,'g^^. By principle 1, to is also a group morphism on gT2g^^. Next, if /i G F2, we 
have (^Fgg^^ = goT2gQ^ . By the induction hypothesis, u is a group morphism on gT2g~^ and, in 
particular, on gTi' g^^ . Consider the 1-cocycle : F'^ x X — > £ given by p{h,x) = uj{ghg~^,g ■ x). 
Since F'^^ r\ {X, p) is i2-cocycle superrigid, it follows that p is cohomologous to a group morphism. 
But p is already a group morphism on S'. By principle 2, is a group morphism on F'^^ and hence, 
w is a group morphism on gP'^i^"^. 

Define the subgroup F'" < F' generated by gT[g~^ for all ^ G F and i = 1,2. We have already 
proven that w is a group morphism on F'". By construction, F'" is normal in F'. So, by principle 1, 
u is a group morphism on F'. □ 

Theorem 6.12. Let F = Fi *s F2 be an amalgamated free product over an infinite subgroup S that 
is normal in F2. Let F r\ {X,p) be a free ergodic p.m. p. action. Assume that the group F and its 
action F r\ (X, p) satisfy condition 1 or condition 2 in Theorem \6. 1i\ Then, for every finite index 
subgroup V < T, the action F' r\ {X,p) is Uf^^-cocycle superrigid. 
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Proof. Both conditions 1 and 2 imply that S r\ {X, fi) is weakly mixing. By Lemma [6.11l it suffices 
to prove that T[ r> {X, fi) is Wgn-cocycle superrigid for every finite index subgroup T[ < Ti. Under 
conditions 1, this is a consequence of |Po051 Theorem 0.1]. Under conditions 2, this follows from 
|Po06al Theorem 1.1]. □ 

Finally, for later use in Section [7] we record the following lemma about weak 1-cocycles (cf. [PS031 
Theorem 4.1]). 

Lemma 6.13. Let T r\ {X,fi) be a p.m. p. action that is lA^^-cocycle superrigid. Assume that 
17 : r X r — 7- 5"*^ is a scalar 2-cocycle on T and that w : F x X — t- S*^ is a measurable map satisfying 

u){gh, x) = i^{g, h)uj(g, h ■ x)uj{h, x) 

for all g,h £ T and a.e. x £ X. Then, there exist a measurable function ip : X ^ and a map 
5 : F — )• 5^ such that 

^{9,x) = ip{g ■ x)5{g)ip{x) 

for all g £ T and a.e. x £ X. In particular, Q is a coboundary: Q(g,h) = 6{gh)6{g)5{h) for all 
g,her. 

Proof. Form the twisted group von Neumann algebra := Lf7(F) generated by unitaries Ug, g €T 
satisfying UgUh = ^[g,h)ugh and equipped with a trace r satisfying T{ug) = if g ^ e. Denote 
by C the closed subgroup of U{N) consisting of the unitaries Xug with X £ S^, g £ T. Writing 
fj-{g,x) = Lj{g,x)ug, it follows that ^ is a 1-cocycle for F {X,fj.) with values in C. 

Since F r\ {X, fi) is Z/Zfin-cocycle superrigid, we find a measurable map 9 : X ^ C and a group 
morphism ry : F — > £ such that iJ,{g,x) = 9{g ■ x)r]{g)9{x)^^ for all 5 € F and a.e. x £ X. Denoting 
by i^ix), resp. 5{g), the 5-^-part of 9{x), resp. r]{g), the lemma is proven. □ 

6.4 Proof of Theorem 16.71 

Proof of Theorem \6. 7| Since F belongs to Q the conclusion of Theorem 15.21 holds . By Theorem l6.121 
F r\ {X, n) is ^/fin-cocycle superrigid. In particular, F r> {X, fi) is cocycle superrigid with arbitrary 
countable target groups and with target group S^. So, the conclusions follow from Lemma [631 □ 

6.5 Strong rigidity for group von Neumann algebras 

Following up Connes' rigidity conjecture [Co80b| . Jones asked in jJoOOj whether every isomorphism 
between property (T) group von Neumann algebras L(Gi) and L(G2) essentially comes from an 
isomorphism between the groups Gi and G2 (cf. |Po06bl Statement 3.2']). Li |PV061 Theorem 
7.13], we provided a family of (generalized) wreath product groups satisfying such a strong rigidity 
result. The following corollary enlarges this family of groups. 

Corollary 6.14. Consider all group actions T r\ I on countable sets covered by Theorem \ 6. 1i\ 
Assume moreover that F has no finite normal subgroups and that (Stabi) • j is infinite for all 
i,j E / with i 7^ j. Denote by A4 the family of associated wreath product groups G = (Z/2Z)^^'' x F. 

IfGi, G2 € A4, t > and if i: : L(Gi) — )• L(G2)* is a stable isomorphism between L(Gi) and L{G2), 
then the groups Gi, G2 are isomorphic through an isomorphism 6 : Gi G2, the amplification t 
equals 1 and there exist a unitary w G L(G2) and a group morphism uj : Gi ^ such that 

■K{ug) = uj{g) wvs(g)W* for all g £ Gi . 
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Here, {ug)g(zG-^ and {vs)s£G2 denote the natural unitaries generating L(Gi) and L(G2). 

In particular, the automorphism group ofh{G) for G € A4, is generated by Aut(G), the group of 
characters CharG and the inner automorphisms. 

To prove Corollary I6■14^ we use the following lemma, whose proof is contained in |PV06l Theorem 
5.4]. Observe that Lemma l6. 151 implies in particular that, whenever F r> / is such that (Stab j) • k 
is infinite for all j ^ k, the generalized Bernoulli actions F r> (Xo,/io)^ and F r> {Yo,pQy are 
conjugate if and only if the base probability spaces are isomorphic. Such a statement is false in 
general for plain Bernoulli actions F r\ {XQ,fiQ)^, see |St75j . 

Lemma 6.15. Let Fj r\ li, i = 1,2. Assume that for both actions, (Stabj) • k is infinite for all 
j ^ k. Consider the generalized Bernoulli actions 

Fi {X, ^) = {Xo,fioY' and F2 rx (Y, p) := {Yq, poY^ . 

If A : X Y is an isomorphism of probability spaces and 5 : Fi — > F2 an isomorphism of groups 
such that A{g ■ x) = 5{g) ■ A(x) for all 5 G Fi and almost all x & X , there exists a bijection 
r] : Ii ^ I2 and there exist isomorphisms Aj : Xq — )■ Yq of the base probability spaces such that 

• r]{g ■ i) = 5{g) ■ r]{i) and Ag.i = Aj for all i € h, g e Ti, 

• (A(x))^^^^ = Aj(xj) for all i £ Ii and almost all x £ X. 

Proof of Corollary \6J4l Write d = (Z/2Z)^^'^ >i Ai and identify L{Gi) = Ai >i Aj, where Ai = 

L(^{Z/2zY^'^y Let vr : L(Gi) L(G2)* be a *-isomorphism. By Theorem [6771 we get that t = 1 

and we get the existence of an isomorphism 5 : Gi — )■ G2, a character uj : Ai ^ and a unitary 
w G L(G2) such that 

7r(aug) = uj{g) w a{a) v^^g) w* , 
where a : Ai ^ A2 is a, *-isomorphism satisfying a{ag{a)) = o's(g){a) for all g £ Ai and a £ Ai. 

Lemma 16.151 describes the form of it\ai- Since L(Z/2Z) has precisely two automorphisms, the 
identity and the multiplication with the non-trivial character on Z/2Z, we are done. □ 

6.6 Counterexamples to W*-superrigidity 

There are many free ergodic p.m. p. actions F r\ {X, p) with T £ Q and such that F r\ (X, p) 
is orbit equivalent with a large family of non-conjugate group actions. So, in these cases, the IIi 
factor L°°(X) x F has many group measure space decompositions (up to conjugacy of the actions), 
but all of them have the same Cartan subalgebra (up to unitary conjugacy). 

First of all, by |Ga051 Pme6], if Fj and FJ admit orbit equivalent actions {i = 1,2), then Fi * F2 
and T'l * Fg also admit orbit equivalent actions. 

Next, let Fi be an arbitrary group and F2,F2 infinite amenable groups. Denote F = Fi * F2 and 
F' = Fi^Fj. By [Bo09j . the Bernoulli actions F r\ {Xq,pqY and F' nv {Yq, rjof- are orbit equivalent 
for all non-trivial base probability spaces (Xo,/io) and (Yoi^o)- 
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7 W*-superrigidity for finite index bimodules 

By definition, the action F r\ (X, /i) is stably W*-superrigid if, for all free ergodic p.m. p. actions 
A r\ (Y, rj), stable isomorphism of L°°(X) xi T and L°°(Y) x A implies, in a sense, stable isomorphism 
of the groups T, A and their respective actions. 

For certain of the actions listed in Theorem 16.71 one can go even further and prove that, whenever 
^ is a finite index bimodule between L°°(X) xi F and L°°{Y) xi A, the groups F, A and their actions 
are, in the following precise sense, virtually isomorphic, with 71 being implemented by this virtual 
conjugacy and a finite dimensional unitary representation. 

However, the existence of gi, . . . , (7„ G F with HILi 9i^9^^ finite, does not provide sufficient absence 
of normality of S < F. Therefore, we make in the following theorem, a much stronger (and certainly 
non-optimal) assumption. 



Theorem 7.1. Let F r\ {X,fi) be any of the actions listed in Theorem 6.7 and assume that F 
admits an infinite index subgroup G such that gT,g~^ n S is finite for all g G T — G . If A nv {Y, r]) is 
an arbitrary free ergodic p.m. p. action and H is a finite index (L°^(X) x F) -(L°°(y) xi A) -bimodule, 
there exist 

• a finite index subgroup F' < F, 

• a finite subgroup H < Aut(X, fj.) such that gHg^^ = H for all g G F', 

• finite index subgroups A" < A' < A with A r\Y being induced from A' r\ Y' for some Y' C Y , 

such that A" = ^^^h '^'^^ such that the action A" r> Y' is conjugate with ^inH ^ through an 
isomorphism A : ^ ^ Y' of probability spaces and a group isomorphism 6 : y^\h ~^ ^" ■ 

Moreover, if H is irreducible, there exists an irreducible finite dimensional unitary representation 
TT : F' — )• L({C^) such that % is the composition of 

• the (L°°(X) X F)-(L°°(X) x T') -bimodule on the Hilbert space Mi_fc(C) ® L2(M), where 
M = L°°(X) X F and where 

z ■ i ■ {aug) = zi{TT{g) ® aug) for all z € M,a eL°°{X),g £T' , (7.1) 

• the natural (L°°(X) x F') -(L°°(^) x p^^) -bimodule on the Hilbert space L^(Mo)pr'n_ff ? where 

Mo = L~(X) X F' and pmH = \T' n H\-^ ^ Ug , 

geV'nH 



• the (L°°(f ) X p^)-(L~(y) X A)-6zmodw/e on the Hilbert space L^iN), where N = L~(y) x 
A and where 

(aug) -i- z= {a o A''^)us(g)Cz for all a G L°^{§),g G rW'^ ^ ^ ■ 

Example 7.2. Let S be an amenable group and F = Fi *x; F2. Assume that T r\ I with S • i 
being infinite for every i £ I. If one of the following conditions is satisfied, the generalized Bernoulli 
action F nv {Xo,ij,q)^ satisfies the conclusions of Theorem 17.11 
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1. Let S = Z and embed S into Fi = SL(n, Z), n > 3, in the upper right corner. Assume that 
S <1 r2 is a proper normal subgroup. Then, Theorem 17.11 apphes by putting G = Gq *■£ T2, 
where Go consists of those matrices A with An = for all 2 < i < n. 

2. Let S be a common subgroup of Aq, Ai,r2 and assume that S is normal in S ^ r2 and 
Aq is non-amenable. Let A2 be an arbitrary non-trivial group. Put Ti = Aq x (Ai * A2) and 
view E < Li diagonally. Theorem 17.11 applies by putting G = (Aq x Ai) *x; Assume that 
Aq or Ai * A2 acts with infinite orbits on /. 

In the proof of Theorem 17. II we make use of the following lemma having some independent interest. 

Lemma 7.3. Let T r\ {X,fj,) and A r\ {Y,r]) be free p.m. p. actions. Assume that T r\ {X,fi) is 
cocycle superrigid with finite target groups and that all finite index subgroups of T act ergodically 
on {X,iJ,). Let A : X ^ Y be an m-to-1 measure preserving map satisfying A{g ■ x) = 5{g) ■ x for 
some surjective group morphism 5 : T A. 

Then there exists a group H with m elements and a free p.m. p. action H r\ {X,fj,) such that, 
viewing both T and H as subgroups 0/ Aut(X, we have 

• gHg^^ = H for all g eV, 

• KeT6 = rnH, 

• A is the composition of the canonical quotient map X ^ ^ with a conjugacy of the actions 
Yyjj r\ jj and A r\Y . 

Proof. Partition X into disjoint measurable subsets Xi, . . . , Xm such that the restrictions Aj := 
A^Xi isomorphisms of Xi onto Y scaling the measure by the factor 1/m. 

Put J' := {1, . . . ,m}. For g & T and almost every x € X, define the map uj{g,x) : J ^ J such 
that 

a;(g, x^i = j if and only if g ■ A~^{A{x)) G Xj . 

So, by construction 

g . A-\A{x)) = A-l^^^{A{g ■ x)) 

almost everywhere. It follows that Ljj{gh,x) = uj{g,h-x)ou;{h,x) almost everywhere. Hence, uj{g,x) 
is a permutation of and cj is a 1-cocycle for the action T r\ X with values in the permutation 
group 5m- Since T r\. {X,fi) is assumed to be cocycle superrigid with finite target groups, we find 
a measurable map ip : X ^ Sm and a group morphism 77 : T — > Sm such that, writing 

Tr.X^X:T,{x) = A~l^^^[A{x)), 

we have g ■ Ti{x) = T^(g)j(g • x) almost everywhere. By construction, every Tj is locally a m.p. 
isomorphism. Moreover, the range of Tj is globally invariant under the finite index subgroup 
Kerr/ < T. Hence, all Tj are m.p. automorphisms of (X,^). 

Define the equivalence relation 7^ on X as 7^ := {(x, y) £ X x X \ A{x) = A(y)}. By construction, 
every equivalence class has m elements and the graph of every Tj belongs to TZ. Finally, if Ti{x) = 
Tj{x) for all x in a non-negligible subset lA, we can make lA smaller and assume moreover that 
V3(x) = a for all x eU. Hence, A-/(A(x)) = A-^(A(a;)) for ah x & So, ai = aj and hence, 
i = j. We have shown that TZ is the disjoint union of the graphs of the Tj, i = 1, . . . , m. 
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Define H < Aut(X, /u) as the group generated by Ti, . . . , Tm- By construction, all h & H commute 
with Kerrj. Since Ker?7 acts ergodically on {X,ij,), it follows that H acts freely on {X,fi). Since 
the orbit equivalence relation of H r\ X is contained in TZ, we get that \H\ < m. But H contains 
the distinct elements Ti, . . . , Tm, so that H = {Ti, . . . , Tm}- 

It remains to prove that Kei 5 = T D H. Since A{g ■ x) = 6{g) ■ A{x) and A acts freely on Y, it 
follows that an element g € F belongs to Ker 5 if and only if the graph of g belongs to 7^. It follows 
that I Ker 5| < m and that T D H C Ker 5. Conversely, li g € Ker (5, take i such that the graphs 
of g and Tj intersect non- negligibly. Since Ker (5 is a finite normal subgroup of F, it follows that g 
commutes with a finite index subgroup of T. We have already seen that also Tj commutes with a 
finite index subgroup of T. It follows that g and Tj coincide almost everywhere, i.e. g £ T D H . □ 



Proof of Theorem 7.1. As a preliminary step, note that Lemmas 13.11 and 13 . 2 1 remain valid when we 



identify Q xi A with a finite index subfactor of pMp. This generalization almost has the same proof 
and we explain this briefly for the case of Lemma 13.11 The deformation ipn of M still allows to 
define the completely positive maps (pn on A, which in turn lead to a new deformation 9n oi Q x A. 
By Jones' tunnel construction and for the appropriate value of s > 0, we can view the amplification 
as a finite index subfactor of Q xi A. Hence, we find inside Q xi A a von Neumann subalgebra 
Mq with the relative property (T) and without injective direct summand. So, we can finish the 
proof in the same way as for the original Lemma l3. II 

Write A = L°°(X) and Af = ^ x T. Fut B = L°°(y) and iV = S x A. We may assume that m^n 
is an irreducible finite index bimodule. Let 'j : N ^ pM^p be a finite index inclusion such that 

mUn = Af((Mi,„(C) ® \?{M))p)^(N) . 

View M'" as the crossed product (Mm(C) (8)^4) x L where F acts trivially on Mm(C). As in Section 
15. H define for every < p < 1, the unital completely positive map mp on by xap{aug) = p^^^aug 
for all a € Mm(C) (S)A,g£T. 

In the situation where Fi has a non-amenable subgroup with the relative property (T), apply Lemma 
13.11 - as generalized in the first paragraph of the proof - to the completely positive maps m^, p ^ 1 
and the von Neumann subalgebra P = {A xi S)"^. In the situation where Fi has two non-amenable 
commuting subgroups Hi,H2, we apply the generalized Lemma [3.21 Put e = (tr (8)r)(p)/2072. 
Combined with (|5.1|) . we always find < p < 1 and a sequence E A such that 

. ||7K)-mp(7K))||2 <e/2foranL 

• \\Ep{x-f{vs,)y)\\2 ^ for ah x,y £ M. 

By Lemma [577l we get a < p < 1 and a 5 > such that T{'~f{w)*mp{'j{'w))) > 5 for all w € U{B). By 
Theorem l5.4l we have that ^{B) -<m ^ x S or that MpM"^p{l{B))" -<m A xi Fj for some i = 1, 2. But 
J^pM-^p{l{B)) contains 7(A^) which has finite index in pM"^p. Since Fj < F has infinite index, this 
rules out the possibility that MpM"^p{l{B))" -<m A x Fj. So, we have shown that ^{B) -<m A x S. 

We claim that 'y{B) -<m A. Assume the contrary. Our assumption on G, together with the 
regularity oi B C N, implies that 7(A^) -<m ^ xi G (cf. |Va07l Lemma 4.2]). Since 7(iV) C pM'^p 
is of finite index, while G < F has infinite index, this is a contradiction. So, we have shown that 
7(5) A. 

In bimodule language, this means that Ti admits a non-zero ^-i?-subbimodule /C which is finitely 
generated as a left ^-module. Take a finite index inclusion -0 : M — >■ qN^q such that 



33 



The existence of /C means that -B -<Ar Taking relative commutants (see |Va071 Lemma 3.5]), 

it follows that ip{A) B. 

By Theorem 16.121 the action T' r\ X is ^gn-cocycle superrigid for every finite index subgroup 
r' < r. Therefore, we are in a situation where we can apply |Va071 Lemma 6.5] as well as the 
first part of the proof of [Va071 Theorem 6.4]. Denote by Dfc(C) C Mfc(C) the algebra of diagonal 
matrices. As a result, we get 

• a finite index subgroup F' < F and an irreducible projective representation vr : F' ^ U{C^) 
with obstruction 2-cocycle 17 : F' x F' — )■ S"^ given by 7r(g)7r(/i) = il,{g, h)'ir{gh), 

• a projection q' E Dfe(C) ^ B and a finite index inclusion ip' : A >1q F' ^ q'N^q' satisfying 
^'{A) = {I)k{C)^B)q', 

such that ^ is the composition of the xi F)-(^ xi^F'^-bimodule given by (jZ.ip and the (^x^F')- 
A^-bimodule given by 

^'(A>.nr')q'{C''^L\N))N. 

Denote A = x A and Y = x Y . Consider the natural action A r\ Y and define Z C Y 
such that q' = xz- Denote by T : A — > Z the isomorphism of measure spaces determined by 
tp'{a) = ao T^^ for all a ^ A. Normalize the measure r/ on y in such a way that Z has measure 1 
and hence, T is measure preserving. 

By construction, r(F' ■ x) C A ■ T{x) for almost all x € A. So, the formula 

T{g ■ x) = uj{g,x) ■ T{x) 

defines a 1-cocycle for the action T' r\ X with values in A. By Theorem 16.121 F' r> A is Wfin- 
cocycle superrigid. So, we find a measurable map : X ^ A and a group morphism 5 : V ^ A 
such that, writing A(x) := (p{x) ■ T{x), we have A{g ■ x) = 6{g) ■ A{x) almost everywhere. Since 
F' A is weakly mixing, we find ^ G ^ such that A(a;) G {i} x Y for almost all x € X. Hence, 
5(F') C {1} X A. From now on, we view A as a map from A to y and 5 as a group morphism from 
F' to A. Put A" := 6{T'). 

By construction, A is locally a m.p. isomorphism, meaning that we can partition A into a sequence 
of measurable subsets A„ such that the restriction of A to each of the A„ is a m.p. isomorphism 
of A„ onto a subset of Y. Since A{g • x) = 6{g) • A(x) and since (A, /i) is a probability space, it 
follows that Keid is finite and that A is an m-to-1 quotient map onto Y' CY (cf. |Fu061 Theorem 
1.8]). Observe that Y' is globally A"-invariant. Partition A into subsets Ai, . . . , A^ of measure 
1/m such that Aj := A|Xj is an isomorphism of Aj onto Y'. 

Define the projection pKerS in A x F' by the formula 

PKer5 := |Ker(5|"^ ^ Ug . 

Put Bi := L°°(y') = L°°(y)gi, where qi := xy'- The pair A, yields a natural (A x F')-(5i x A")- 
bimodule structure on the Hilbert space /C := L2(A X r')pKerS. We can also write this bimodule 

as 

7(A>.r')(C"®L2(i3i X A"))b,>.a" 
where 7 : ^ x F' — > Mm(C) <^ {Bi x A") is a finite index inclusion satisfying 

m 

7(") = ^ eii "X" (a^Xi ° A^^) for ah a € A . 

i=l 
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Since T(x) G A-A(x) for almost all x G X, we can take W G Mm,k{'C)'S>N satisfying WW* = l^qi, 
W*W = q' and 7(a) = W4^'{a)W* for all a £ A. Replace V' by Wi;'{ ■ )W. 

It follows that, for all (7 G F', ij:' {ug)^[ug)* commutes with ^{A) = il^'{A) = Dm(C) ® Bi, which is 
maximal abelian in Mm(C) ^ qiNqi. So, ip'{ug) = ^{ojgUg) where ujg G U{A) satisfies 

^g<yg{^h) = ^{9,h)ujgh . 

By Lemma [6.131 we find w G U{A) and a map n : T' ^ such that Ug = ijL{g)wag{w*) for all 
g G r'. Replacing g ^ 7r{g) hy g 1-^ ii{g)-K{g) and replacing ijj' by {Adilj' [w)*) o ■!/)', we may assume 
that TT is an ordinary unitary representation (i.e. Vt = 1) and that ip'{z) = 7(2:) for all 2: G A x V . 
Since iIj'{A x F') has finite index in Mm(C) qiNqi and since 7(A xi T') is contained in {B x A")™", 
it follows that A" < A is a finite index subgroup. 

If s G A, then A~"^(s-y nl"') is globally invariant under the finite index subgroup 5~^(A"nsA"s~^) 
of r' and hence, must have measure or 1. So, either s -Y' i^Y' has measure zero, or s • y' equals 
Y' up to measure zero. Define the subgroup A' < A consisting of those s G A for which s ■ Y' equals 
Y' up to measure zero. By construction. A" < A' < A and A r> y is induced from A' r\ Y'. 

The theorem now follows by applying Lemma 17.31 to the actions P' r\ {X, fj,) and A" r\ Y' . □ 
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